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@ Overarching themes 


The following three overarching themes have been fully integrated throughout the Pearson Edexcel 
AS and A level Mathematics series, so they can be applied alongside your learning and practice. 


1. Mathematical argument, language and proof 

¢ Rigorous and consistent approach throughout 

* Notation boxes explain key mathematical language and symbols 

* Dedicated sections on mathematical proof explain key principles and strategies 
¢ Opportunities to critique arguments and justify methods 


2. Mathematical problem solving The Mathematical Problem-solving cycle 
¢ Hundreds of problem-solving questions, fully integrated > specify the problem 
into the main exercises 
¢ Problem-solving boxes provide tips and strategies interpret results 
: collect information 
* Structured and unstructured questions to build confidence 
* Challenge boxes provide extra stretch process and J 
represent information 


3. Mathematical modelling 

* Dedicated modelling sections in relevant topics provide plenty of practice where you need it 

« Examples and exercises include qualitative questions that allow you to interpret answers in the 
context of the model 

¢ Dedicated chapter in Statistics & Mechanics Year 1/AS explains the principles of modelling in 
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e Extra online content 


Whenever you see an Online box, it means that there is extra online content available to support you. 


SolutionBank 


SolutionBank provides a full worked solution for 
every question in the book. 


{ Online } Full worked solutions are boo 


available in SolutionBank. 


Download all the solutions as a PDF or 
quickly find the solution you need online 


Use of technology 


Explore topics in more detail, visualise t Online } Find the point of intersection Cy 
problems and consolidate your understanding graphically using technology. 
using pre-made GeoGebra activities. 


GeoGebra 


GeoGebra-powered interactives 


Interact with the maths you are learning J 
using GeoGebra's easy-to-use tools 


Access all the extra online content for free at: 


www.pearsonschools.co.uk/fmim 


You can also access the extra online content by scanning this QR code: 


vi 


After completing this chapter you should be able to: 
® Calculate the momentum of a particle and the impulse of a 
force — pages 2-4 
@ Solve problems involving collisions using the principle of 
conservation of momentum — pages 4-9 
@ Use the impulse~-momentum principle and the principle of 
conservation of momentum in vector form > pages 9-12 


The forces F, = 3i—2j and F,= 5i+ 4j act on 
a particle. Find the magnitude and direction 
of the resultant force. 

€ Statistics and Mechanics 1, Chapter 10 
A particle moves ina straight line with 
constant acceleration. 


Given s = displacement in m, wv = initial 
velocity in ms-, v = final velocity in ms-}, 
a=acceleration in ms~@ and ¢ = time in 
seconds, find: 


a vwhenw=3,a=0.5,t=5 

b swhenu=4,5,a=-1.5,t=2 
Newton's cradle demonstrates € Statistics and Mechanics 1, Chapter 9 
the principle of conservation of A body of mass 2 kg is acted on by a force 
momentum. When the first ball collides FN. The body starts from rest and moves 
with the second, the first ball stops, in a straight line. After 5 seconds, the 
but its momentum is transferred to the displacement of the body is 20m. Find the 
second ball, then the third, then the magnitude of F. 
fourth, until it reaches the very last ball € Statistics and Mechanics 1, Chapters 9, 10 


Chapter 1 


1.1) Momentum in one dimension 
You can calculate the momentum of a particle and the impulse of a force. 
= The momentum of a body of mass m which is moving with velocity v is mv. 


If mis in kg and vis in ms then the units of momentum will be kgms-?. 


However, since kgms~! = (kgms~2)s and kgms~ are the units cp Velocity is a vector 
for force (F = ma) you can also measure momentum in newton quantity and mass is a scalar, 
h 


seconds (Ns). so momentum is a vector 


quantity. 
Example 1) 


Find the magnitude of the momentum of: 
a acricket ball of mass 400g moving at 18ms~! 
b a lorry of mass 5 tonnes moving at 0.3ms-!. 


SSeS eee oy ————— Themassmustbeinkg 


Meetetechnenew= 90°" gunners 
=7.2Ns-———_— 
b Momentum = mass x velocity 


Magnitude of momentum = (5 x 1000) x 0.3 
= 1500kgms" 


= If a constant force F acts for time ¢ then we define the impulse of the force to be Fr. 


If Fis in N and ris ins then the units of impulse t Note } Force is a vector quantity and time 
will be Ns. is a scalar, so impulse is a vector quantity. 


Examples of an impulse include a bat hitting a ball, a snooker ball hitting another ball or a jerk ina 
string when it suddenly goes tight. In all these cases the time for which the force acts is very small but 
the force is quite large and so the product of the two, which gives the impulse, is of reasonable size. 
However, there is no theoretical limit on the size of ¢. 


Suppose a body of mass m is moving with an initial velocity w and is then acted upon by a force F for 
time 1. This results in its final velocity being v. 


Its acceleration is given by a= ae 
Substituting into F= ma: F= m(* — “) 
Ft=m(v -u) The impulse of the force /is given by J = Fr. 
=mvy-mu 
. Lem eins mina This is a vector equation, 
Impulse = final momentum - initial momentum so for motion in a straight line a positive 
Impulse = change in momentum direction must be chosen and each 


This is called the impulse-momentum principle. CETUS MMM CaHTESAS Tt 


Momentum and impulse 


Example 


A body of mass 2kg is initially at rest on a smooth horizontal plane. A horizontal force of 


magnitude 4.5 N acts on the body for 6s. Find: 


a the magnitude of the impulse given to the body by the force 


b the final speed of the body. 


a Magnitude of the impulse = force x time 


=45x6 
= 27Ns 
b Impulse = Final momentum — Initial momentum | 
27=2v-O0 r 
v=13.5ms" 


A ball of mass 0.2kg hits a fixed vertical wall at right angles with speed 3.5ms~!. The ball rebounds 
with speed 2.5ms~!. Find the magnitude of the impulse exerted on the wall by the ball. 


This diagram shows the initial and final velocities 
of the ball and the impulse acting on it. 


(+): I= (0.2 x 2.5) - (0.2 x (-3.5)) 
=05+0.7 
=1.2Ns 
Therefore, by Newton's 3rd law, the magnitude | 
of the impulse exerted on the wall by the ball 
is 1.2Ns. 


Exercise (1A) 


Problem-solving 


Because the wall is fixed you cannot apply the 
impulse-momentum principle to it. Find the 
magnitude of the impulse exerted on the ball 
by the wall and then use Newton's 3rd law to 
deduce that the magnitude of the impulse 
exerted on the wall by the ball will be the same. 


1 A ball of mass 0.5kg is at rest when it is struck by a bat and receives an impulse of 15Ns. 


Find its speed immediately after it is struck. 


2 A ball of mass 0.3 kg moving along a horizontal surface hits a fixed vertical wall at right angles 
with speed 3.5ms-!. The ball rebounds at right angles to the wall. Given that the magnitude 
of the impulse exerted on the ball by the wall is 1.8 Ns, find the speed of the ball just after it 


rebounds. 


w 
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3 A toy car of mass 0.2kg is pushed from rest along a smooth horizontal floor by a horizontal 
force of magnitude 0.4N for 1.5s. Find its speed at the end of the 1.5s, 


® 4 A ball of mass 0.2kg, moving along a horizontal surface, hits a fixed vertical wall at right angles. 
The ball rebounds at right angles to the wall with speed 3.5ms~!. Given that the magnitude of 
the impulse exerted on the ball by the wall is 2 Ns, find the speed of the ball just before it hits 
the wall. (3 marks) 


5 A ball of mass 0.2kg is dropped from a height of 2.5m above horizontal ground. After hitting 
the ground it bounces to a height of 1.8m above the ground. Find the magnitude of the impulse 
received by the ball from the ground. (4 marks) 


& Conservation of momentum 


You can solve problems involving collisions using the principle of conservation of momentum. 


By Newton's 3rd law, when two bodies collide, each one exerts an equal and opposite force on the 
other. They are in contact for the same time, so they each exert an impulse on the other of equal 
magnitude but in opposite directions. 


By the impulse-momentum principle the changes in momentum of 
Collision each body are equal but opposite in direction. Thus, these changes in 
£Y\5—: momentum cancel each other out, and the momentum of the whole 
system is unchanged. This is called the principle of conservation of 
momentum. 


= Total momentum before impact = total momentum after impact 


You can write this in symbols for two masses 1m, Before uy up 
and m, with velocities u, and wu respectively collision * > 


before the collision, and velocities v, and vz 1) @>! 
respectively after the collision: After > 


collision Vn V2 
= My, + Maz = MyV, + M2V2 
When solving problems involving collisions, always: 
e draw a diagram showing the velocities before and after the collision with arrows 
if appropriate, include the impulses on your diagram with arrows 


e choose a positive direction and apply the impulse-momentum principle and/or the principle of 
conservation of momentum. 


Example 


A particle P of mass 2kg is moving with speed 3ms~! on a smooth horizontal plane. Particle Q of 
mass 3kg is at rest on the plane. Particle P collides with particle Q and after the collision Q moves 
off with speed ¢ms". Find: 

a_the speed and direction of motion of P after the collision f Ontine ) Explore particle CP 
b the magnitude of the impulse received by P in the collision. Colones USIDE GEOGeD Te. 


4 


a 3ms! Oms! 
a —> 
P Q 
— Or 
—s» —_ 
vmst gms" 


Conservation of momentum: (—) 


my + + m 


(2 x 3) +(3 x O) = 2v+ (3 x 4) 
6=2v+7 


Mott my) 


The direction of motion of P is reversed by 
the collision and its speed is 3ms7. 


for Q:(>) 1=3($-0) 
=7Ns 

Alternatively, for P: (—) 

T= 2((-v) - (-3)) 

2h + 3) 

=7Ns 
So the impulse received by P has 
magnitude 7 Ns. 


Example 


Momentum and impulse 


Draw a diagram showing the velocities before and 
after the collision (with arrows) and the impulses 
(with arrows). 


Choose a positive direction and apply the 
principle of conservation of momentum. 


Since v is negative, P moves in the opposite 
direction after the collision. 


The direction of motion of P in your 


answer must be with reference to the original 
direction of motion of P. Do not use the words 
left or right. 


To find the impulse consider one particle and 
apply the impulse-momentum principle. Here it 
is easier to consider QO. 


Since each particle receives an impulse of equal 
magnitude, the magnitude of the impulse 
received by P is also 7Ns. 


Two particles A and B of masses 2kg and 4kg respectively are moving towards each other in 
opposite directions along the same straight line on a smooth horizontal surface. The particles 
collide. Before the collision the speeds of A and B are 3ms~! and 2ms“! respectively. After the 
collision the direction of motion of A is reversed and ils speed is 2ms"!. Find: 


a the speed and direction of B after the collision 


b the magnitude of the impulse given by A to B in the collision. 


3ms" 2ms 

ped ere a 

A B 
a) ew 

<— —> 

2ms! ymst 


Conservation of momentum: (—) 
(2 x 3) + (4 x (-2)) = (2 x (-2)) + 4 


t ontine ) Explore collisions with two moving e) 


particles using GeoGebra. 


You need to ‘guess’ the direction of B after the 
collision. If it is moving in the other direction the 
answer will be negative. 


-4+4y 
=4y 


Bhas speed O,5ms"' and its direction of 


motion is reversed by the collision. 


This defines the positive direction. 
Each velocity must be given the correct sign. 


As the value of v is positive the ‘guess’ for the 
direction of B after the collision was correct. 
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b For A: (<-) 


impulse-momentum principle 
T= 2(2 - (-3)) 


| 
| | Sees 
=10Ns | 
The magnitude of the impulse given by 
A to Bis 10Ns. 


Example 


Two particles P and Q, of masses 8kg and 2kg respectively, are connected by a light inextensible 
string. The particles are at rest on a smooth horizontal plane with the string slack. Particle P is 
projected directly away from Q with speed 4ms~!. 

a Find the common speed of the particles after the string goes taut. 

b Find the magnitude of the impulse transmitted through the string when it goes taut. 


a Oms" 4ms7 
ab —> 
2 Gig) 
Gig E Gg) 


vmst vmst 
H t 


He BieoreiveHOns moventhnn IA —— This must be applied tothe whole system, 


(2 x QO) + (6 x 4) = 2v + By 


32 =10v 
3.2=V 
The common speed of the particles is 
3.2ms". 
b For Q(-): 
T= 2(v-0) 
=2x 3.2 
=64Ns 


The magnitude of the impulse transmitted 
through the string (the ‘jerk’) is G.4Ns. 


Two particles A and B of masses 2kg and 4kg respectively are moving towards each other in 
opposite directions along the same straight line on a smooth horizontal surface. The particles 
collide. Before the collision the speeds of A and B are 3ms~! and 2ms"! respectively. Given that the 
magnitude of the impulse due to the collision is 7 Ns, find: 


a the velocity of A after the collision 
b the velocity of B after the collision. 


Momentum and impulse 


3ms" 2met t Online } Explore particle collisions with ) 
— 


known impulse using GeoGebra. 


yms voms7 
t 1 
For A: (—) 
7 = Av, - (-3)) 
7 = 2(v, + 3) 


3.5 = 43 
05 =, 
For B: (+) 


7 = Alv, — (-2)) 
1.75 =v +2 
-0.25 = V2 
a The direction of motion of A is reversed 
and its speed is O.5ms"'. 


b The direction of motion of B is unchanged 


ne eee 1 Oe nie The question asks for the velocities 
So you need to state the speed and the direction 


a of motion. 
Exercise 


1 A particle P of mass 2kg is moving on a smooth horizontal plane with speed 4ms"!. 
It collides with a second particle Q of mass | kg which is at rest. After the collision P has speed 
2ms"! and it continues to move in the same direction. Find the speed of Q after the collision. 


2 A railway truck of mass 25 tonnes moving at 4ms™' collides with a stationary truck of mass 20 
tonnes. As a result of the collision the trucks couple together. Find the common speed of the 
trucks after the collision. 


3 Particles A and B have masses 0.5kg and 0.2kg respectively. They are moving with speeds Sms“! 
and 2ms"! respectively in the same direction along the same straight line on a smooth horizontal 
surface when they collide. After the collision A continues to move in the same direction with 
speed 4ms“!. Find the speed of B after the collision. 

4 A particle of mass 2kg is moving on a smooth horizontal plane with speed 4ms™'. It collides 
with a second particle of mass | kg which is at rest. After the collision the particles join together. 
a Find the common speed of the particles after the collision. 

b Find the magnitude of the impulse in the collision. 


® 5 Two particles A and B of masses 2kg and Skg respectively are moving towards each other along 


the same straight line on a smooth horizontal surface. The particles collide. Before the collision 
the speeds of A and B are 6ms~! and 4ms“ respectively. After the collision the direction of 
motion of A is reversed and its speed is 1.5ms"!. Find: 

a the speed and direction of B after the collision (3 marks) 
b the magnitude of the impulse given by A to B in the collision. (3 marks) 
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® «6 


@) 7 


@) 10 


@) 12 


A particle P of mass 150g is at rest on a smooth horizontal plane. A second particle Q of mass 
100 g is projected along the plane with speed ums"! and collides directly with P. On impact the 
particles join together and move on with speed 4ms-!. Find the value of u. (4 marks) 


A particle A of mass 4m is moving along a smooth horizontal surface with speed 2u. It collides 
with another particle B of mass 3m which is moving with the same speed along the same 
straight line but in the opposite direction. Given that A is brought to rest by the collision, find: 
a the velocity of B after the collision (3 marks) 
b the magnitude of the impulse given by A to B in the collision. (3 marks) 


An explosive charge of mass 150g is designed to split into two parts, one with mass 100g and 
the other with mass 50g. When the charge is moving at 4ms“' it splits and the larger part 
continues to move in the same direction whilst the smaller part moves in the opposite direction. 
Given that the speed of the larger part is twice the speed of the smaller part, find the speeds of 
each of the two parts. (3 marks) 


Two particles P and Q of masses m and km respectively are moving towards each other in 
opposite directions along the same straight line on a smooth horizontal surface. The particles 
collide. Before the collision the speeds of P and Q are 3u and u respectively. After the collision 
the direction of motion of both particles is reversed and the speed of each particle is halved. 


a Find the value of k. (4 marks) 
b Find, in terms of m and u, the magnitude of the impulse given by P to Q in the collision. 
(3 marks) 


Two particles A and B of masses 4kg and 2kg respectively are connected by a light inextensible 
string. The particles are at rest on a smooth horizontal plane with the string slack. Particle 

A is projected directly away from B with speed ums~'. When the string goes taut the impulse 
transmitted through the string has magnitude 6 Ns. Find: 

a the common speed of the particles just after the string goes taut (4 marks) 
b the value of wu. (3 marks) 


Two particles P and Q of masses 3kg and 2kg respectively are moving along the same straight 
line on a smooth horizontal surface. The particles collide. After the collision both the particles 
are moving in the same direction, the speed of P is 1 ms~! and the speed of Q is 1.5ms"!. The 
magnitude of the impulse of P on Q is 9Ns. Find: 

a the speed and direction of P before the collision (3 marks) 


b the speed and direction of Q before the collision. (3 marks) 


Two particles A and B are moving in the same direction along the same straight line on a 
smooth horizontal surface. The particles collide. Before the collision the speed of Bis 1.5ms"!. 
After the collision the direction of motion of both particles is unchanged, the speed of A is 
2.5ms"! and the speed of B is 3ms~'. Given that the mass of 4 is three times the mass of B, 


a find the speed of A before the collision. (4 marks) 
Given that the magnitude of the impulse on A in the collision is 3 Ns, 
b find the mass of A. (3 marks) 


Momentum and impulse 


Challenge 


Particle P has mass 3m kg and particle Q has mass m kg. The particles are 
moving in opposite directions along the same straight line on a smooth 
horizontal plane when they collide directly. Immediately before the collision, the 
speed of P is u; ms“ and the speed of Q is vu. ms“. In the collision, the direction 
of motion of P is unchanged and the direction of Q is reversed. Immediately after 
the collision, the speed of P is i and the speed of Q is $u,. Show that w = Su. 


(1.3) Momentum as a vector 
p 


You have used the impulse-momentum principle and the principle of conservation of linear 
momentum for motion in one dimension. 


The impulse-momentum principle For two-particle collisions, the principle of 
states that the impulse of a force is equal conservation of momentum states that the 
to the change in momentum: total momentum before impact equals the 
impulse = force x time total momentum after impact: 
T=mv-mu momentum = mass x velocity 
Impulse is measured in newton seconds MU) + MU = MV, + MV2 
(Ns). Momentum is measured in newton seconds 
(Ns) or kgms7}. 


Impulse and momentum are both vector quantities. You can write the impulse~-momentum principle 
and the principle of conservation of momentum as vector equations, and use them to solve problems 
involving collisions where the velocities and any impulse are given in vector form. 


= l=mv-mu 
where m is the mass of the body, u the i 


jal velocity and v the final velocity. 


© Uy + 11QU2 = 11, + 1122 
where a body of mass 7m, moving with velocity u, collides with a body of mass m, moving 
with a velocity of uz, v; and v, are the velocities of the bodies after the collision. 


Example 


A particle of mass 0.2kg is moving with velocity (10i — 5j)ms~! when it receives an impulse 
(3i - 2j) Ns. Find the new velocity of the particle. 


The change in momentum of the particle is 
From the impulse-momentum principle this is 
equal to the impulse: 
0.2v = 3i- 2) + 2i-j 
=5i-3j 


vo 28-19) — 
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An ice hockey puck of mass 0.17 kg receives an impulse Q Ns. Immediately before the impulse 
the velocity of the puck is (10i + 5j)ms~! and immediately afterwards its velocity is (15i-7j)ms~'. 
Find the magnitude of Q and the angle between Q and i. 


Impulse = change in momentum | 
Q=mv-mu 
Q = 0.17(15i - 7j) - 0.17(10i + 5j) 
= 0.17(15i - 7j - 101 - 5j) 
= 0.17(5i — 12j) 
= 0.65: — 2.04j | 
|Q| = (0.65? + (2.04)? 
= V4.8841 
= 2.21 
The angle a between Q and iis arctan(£04) — 
which is 67.4° (1 dp). | 


A squash ball of mass 0.025 kg is moving with velocity (22i + 37j)ms~! when it hits a wall. 
It rebounds with velocity (10i - 11j)ms~!. Find the impulse exerted by the wall on the squash ball. 


Impulse = 0.025((10i - 11j) - (221 + 37j)) —+ 
= 0.025(-12i - 48)) 


= (-0.3i - 1.2))Ns 


A particle of mass 0.15 kg is moving with velocity (20i -— 10j)ms~! when it collides with a particle 
of mass 0.25 kg moving with velocity (16i — 8j)ms~!. The two particles coalesce and form one 
particle of mass 0.4kg. Find the velocity of the combined particle. 


t ontine ) Explore particle collisions in two a? 


dimensions using GeoGebra. 


MV, + MoUp = MV, + MWe | 


0.15(20i — 10j) + 0.25(16i — 8j) = 0.4v 

3i - 15) + 4i- 2j=04v 

7i - 3.5) =O4v 

v=17.5i - 8.75) 

The velocity of the combined particle is 
175i ~ 8.75) ms". 
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Momentum and impulse 


Exercise 


In this exercise i and j are perpendicular unit vectors. 
1 


10 


A particle of mass 0.25 kg is moving with velocity (12i + 4j)ms~! when it receives an impulse 
(8i -— 7j) Ns. Find the new velocity of the particle. 


A particle of mass 0.5kg is moving with velocity (2i — 2j)ms~! when it receives an impulse 
(3i + 5j) Ns. Find the new velocity of the particle. 


A particle of mass 2kg moves with velocity (3i + 2j)ms~! immediately after it has received an 
impulse (4i + 8j) Ns. Find the original velocity of the particle. 


A particle of mass 1.5kg moves with velocity (Si — 8j)ms~! immediately after it has received an 
impulse (3i — 6j) Ns. Find the original velocity of the particle. 


A body of mass 3 kg is initially moving with a constant velocity of (i+ j)ms~! when it is acted 
on by a force of (6i — 8j) N for 3 seconds. Find the impulse exerted on the body and find its 
velocity when the force ceases to act. 


A body of mass 0.5kg is initially moving with a constant velocity of (Si + 12j)ms™! when it is 
acted on by a force of (2i — j) N for 5 seconds. Find the impulse exerted on the body and find its 
velocity when the force ceases to act. 


A particle of mass 2kg is moving with velocity (Si + 3j)ms~! when it hits a wall. It rebounds 
with velocity (-i — 3j)ms-!. Find the impulse exerted by the wall on the particle. 


A particle of mass 0.5kg is moving with velocity (11i— 2j)ms~! when it hits a wall. It rebounds 
with velocity (-i + 7j)ms"!. Find the impulse exerted by the wall on the particle. 


A particle P of mass 3kg receives an impulse Q Ns. Immediately before the impulse the velocity 
of P is Sims and immediately afterwards it is (13i - 6j)ms~'. Find the magnitude of Q and 
the angle between Q and i. 


A particle P of mass 0.5 kg receives an impulse Q Ns. Immediately before the impulse 
the velocity of P is (i — 2j)ms~! and immediately afterwards it is (3i — 4j)ms~'. Find the 
magnitude of Q and the angle between Q and i. 


A cricket ball of mass 0.5kg is hit by a bat. Immediately before being hit the velocity of the ball 
is (20i — 4j)ms“! and immediately afterwards it is (—16i + 8j)ms~'. Find the magnitude of the 
impulse exerted on the ball by the bat. (3 marks) 


A ball of mass 0.2kg is hit by a bat. Immediately before being hit by the bat the velocity of the 
ball is —15ims~! and the bat exerts an impulse of (2i + 6j) Ns on the ball. Find the velocity of 
the ball after the impact. (3 marks) 


A particle of mass 0.25 kg has velocity vms~! at time ¢s where v = (? - 3)i+ 4¢j, 1S 3. 
When ¢ = 3, the particle receives an impulse of (2i + 2j) Ns. Find the velocity of the particle 
immediately after the impulse. (3 marks) 


A ball of mass 2kg is initially moving with a velocity of (i+ j)ms-'. It receives an impulse of 
2) Ns. Find the velocity immediately after the impulse and the angle through which the ball is 
deflected as a result. Give your answer to the nearest degree. (5 marks) 
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15 A particle of mass 0.5kg moving with velocity 3ims~! collides with a particle of mass 0.25kg 
moving with velocity 12ims-'. The two particles coalesce and move as one particle of mass 
0.75kg. Find the velocity of the combined particle. (3 marks) 


16 A particle of mass 5kg moving with velocity (i - j)ms~' collides with a particle of mass 2kg 
moving with velocity (-i+ j)ms~!. The two particles coalesce and move as one particle of mass 
7kg. Find the magnitude of the velocity yms~! of the combined particle. (3 marks) 


Challenge 


A particle of mass m kg moves with a constant velocity of (ai + bj) ms~. After being given 
an impulse, the particle then moves with a constant velocity of (ci + dj) ms~*. Given that the 
direction of the impulse makes an angle of 45° above the direction of i, show that h+ c=a+d. 


Mixed exercise @ 


® 1 A particle P of mass 3m is moving along a straight line with constant speed 2w. It collides with 
another particle Q of mass 4m which is moving with speed w along the same line but in the 
opposite direction. As a result of the collision P is brought to rest. 
a Find the speed of Q after the collision and state its direction of motion. 
b Find the magnitude of the impulse exerted by Q on P in the collision. 


2 Apile driver of mass 1000kg drives a pile of mass 200 kg vertically into the ground. The driver 
falls freely a vertical distance of 10m before hitting the pile. Immediately after the driver impacts 
with the pile it can be assumed that they both move with the same velocity. By modelling the pile 
and the driver as particles, find: 


a the speed of the driver immediately before it hits the pile (2 marks) 
b the common speed of the pile and driver immediately after the impact. (3 marks) 
The ground provides a constant resistance to the motion of the pile driver of magnitude 120000N. 
¢ Find the distance that the pile is driven into the ground before coming to rest. (2 marks) 
d Comment on this model in relation to the motion of the pile and driver immediately after 
impact. (1 mark) 


® 3 Acar of mass 800kg is travelling along a straight horizontal road. A constant retarding force of 
FN reduces the speed of the car from 18ms~! to 12ms"! in 2.4s. Calculate: 
a the value of F (4 marks) 
b the distance moved by the car in these 2.4. (3 marks) 
® 4 Two particles A and B, of masses 0.2kg and 0.3 kg respectively, are free to move in a smooth 
horizontal groove. Initially B is at rest and A is moving toward B with a speed of 4ms"!. 
After the impact the speed of Bis 1.5ms~!. Find: 
a the speed of A after the impact (3 marks) 
b the magnitude of the impulse of B on A during the impact. (3 marks) 
© 5 A railway truck P of mass 2000kg is moving along a straight horizontal track with speed 


10ms!. The truck P collides with a truck Q of mass 3000kg, which is at rest on the same track. 
Immediately after the collision Q moves with speed 5ms“'. Calculate: 
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a the speed of P immediately after the collision (3 marks) 
b the magnitude of the impulse exerted by P on Q during the collision. (3 marks) 


A particle P of mass 1.5kg is moving along a straight horizontal line with speed 3ms!. 
Another particle Q of mass 2.5kg is moving, in the opposite direction, along the same straight 
line with speed 4ms-'. The particles collide. Immediately after the collision the direction of 
motion of P is reversed and its speed is 2.5ms-!. 


a Calculate the speed of Q immediately after the impact. (3 marks) 
b State whether or not the direction of motion of Q is changed by the collision. (1 mark) 
e Calculate the magnitude of the impulse exerted by Q on P, giving the units of your 

answer. (3 marks) 


A particle A of mass m is moving with speed 2u in a straight line on a smooth horizontal table. 
It collides with another particle B of mass km which is moving in the same straight line on the 
table with speed w in the opposite direction to A. In the collision, the particles form a single 
particle which moves with speed du in the original direction of A’s motion. 

Find the value of k. (3 marks) 


A metal pin of mass 2 kg is driven vertically into the ground by a blow from a sledgehammer of 
mass 10kg. The hammer falls vertically on to the pin, its speed just before impact being 9ms“!. 
In a model of the situation it is assumed that, after impact, the pin and the hammer stay in 
contact and move together before coming to rest. 

a Find the speed of the pin immediately after impact. (3 marks) 
The pin moves 3 cm into the ground before coming to rest. Assuming in this model that the 
ground exerts a constant resistive force of magnitude R newtons as the pin is driven down, 

b find the value of R. (5 marks) 
¢ State one way in which this model might be refined to be more realistic. (1 mark) 


A cricket ball of mass 0.5kg is struck by a bat. Immediately before being struck the velocity of 
the ball is -25ims!. Immediately after being struck the velocity of the ball is (23i + 20j)ms“!. 
Find the magnitude of the impulse exerted on the ball by the bat and the angle between the 
impulse and the direction of i. (5 marks) 


A ball of mass 0.2kg is hit by a bat which gives it an impulse of (2.4i + 3.6j) Ns. The velocity of 
the ball immediately after being hit is (12i + 5j)ms~!. Find the velocity of the ball immediately 
before it is hit. (3 marks) 


A body P of mass 4kg is moving with velocity (2i +16j)ms~! when it collides with a body Q of 
mass 3kg moving with velocity (-i — 8j)ms~'. Immediately after the collision the velocity of P 
is (-4i — 32j)ms~'. Find the velocity of Q immediately after the collision. (3 marks) 


A particle P of mass 0.3 kg is moving so that its position vector r metres at time ¢ seconds is 
given by 
r=(04+04+40i+ (110i, 1<4. 


a Calculate the speed of P when ¢ = 4. (4 marks) 
When ¢ = 4, the particle is given an impulse (2.4i + 3.6j) Ns. 
b Find the velocity of P immediately after the impulse. (3 marks) 
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Challenge 


A particle P of mass m kg moves at a speed of ums~ when it collides head on with 
a particle O of mass km kg also travelling at a speed of wms~, travelling along the 
same line. 

After collision, the two particles move off together with a common speed of yms7. 


; - + F 
Show that k can be written as are or z — : and explain how these expressions 
relate to: 


a the relative size of wand v 
b the subsequent motion of P and Q after collision. 


Summary of key points 


1 The momentum of a body of mass m which is moving with velocity v is my. The units of 
momentum can be Ns or kg ms~!. 


2 If aconstant force F acts for a time ¢ then we define the impulse of the force to be Fi. 
The units of impulse are Ns. 


3 The impulse-momentum principle: 
Impulse = final momentum - initial momentum 
Impulse = change in momentum 
T=mv-mu 
where m is the mass of the body, w the initial velocity and y the final velocity. 


4 Principle of conservation of momentum: 
Total momentum before impact = total momentum after impact 


Before iy Up 
collision = — St 
After > ——= 
collision Mi Ya 


MyUty + MU = MV, + MaV2 
where a body of mass 1m, moving with velocity u, collides with a body of mass m, moving with 
velocity w,, v, and y, are the velocities of m, and m, after the collision respectively. 


5 You can write the impulse-momentum principle and the principle of conservation of 
momentum as vector equations 
* l=mv—mu 
where m is the mass of the body, u the initial velocity and v the final velocity. 
© myUy + MU, = Vy, + MN 
where a body of mass m, moving with velocity u, collides with a body of mass m, moving 
with velocity u,, v, and v, are the velocities of the bodies after the collision. 
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Work, energy 
and power 


After completing this chapter you should be able to: 


® Calculate the work done by a force when its point of application 
moves ~ pages 16-19 


© Calculate the kinetic energy of a moving particle and the potential 
energy of a particle — pages 20-23 


@ Use the principle of conservation of mechanical energy and the 
work-energy principle > pages 24-28 


® Calculate the power developed by an engine — pages 29-33 


Prior knowledge check 


Acrate of mass 12kg is at rest ona 
smooth horizontal plane. It is dragged 
by means of a force of magnitude 40N, 
which acts at an angle of 15° above the 
horizontal. Find: 


a the magnitude of the normal reaction 
of the plane on the box 
b the acceleration of the box 
c the total distance travelled by the box 
in the first 5 seconds of its motion. 
€ Statistics and Mechanics Year 2, Chapter 5 


This rock climber is increasing her height 2 A 10kg box rests ona rough plane inclined 


above sea-level. Her gravitational potential at 30° to the horizontal. Given that the 
energy is increasing. When she abseils box is on the point of slipping down the 
back down the rock face, her gravitational plane, find the coefficient of friction 
potential energy will be converted into between the box and the plane. 


kinetic energy. ~ Exercise 2B Q11 Statistics and Mechanics Year 2, Chapter 5 


Chapter 2 


@ Work done 


If you drag an object along the ground, you have to apply a force to overcome friction. In order to 
move the object you have to do work. In general, work is done on an object when a force is applied to 
it and there is motion. 


= You can calculate the work done by a force when its point of { Note } Ifthe point of application 


application moves along a straight line using the formula: is moving in the same direction 


component of forcein . distance moved as the line of action of the 
direction of motion in direction of force force, this formula becomes: 
work done = force x distance 


work done = 


When the force is measured in newtons and the distance moved 

in metres, the work done is measured in joules (J). 

You can also calculate the work done against gravity when a particle is moved vertically. Work is done 

against gravity whenever a particle's vertical height is increased. This may be because the particle 

moved vertically or at an angle to the horizontal. 

= Work done against gravity = mgh, where m is the mass of the particle, g is the acceleration 
due to gravity and / is the vertical distance raised. 


A box is pulled 7m across a horizontal floor by a horizontal force of magnitude 15N. 
Calculate the work done by the force. 


Work = Fs Use F for force and s for 
oe =15%7 distance. 
= 105 


The work done by 
the force is 105 J. 


A packing case is pulled across a horizontal floor by a horizontal rope. The case moves at a 
constant speed and there is a constant resistance to motion of magnitude R newtons. When the 
case has moved a distance of 12m the work done is 96 J. 

Calculate the magnitude of the resistance. 

The case moves at a constant 
speed so its acceleration is 


Work done = Fs 
96 = Fx 12 oms* 
F=8 
5 Use work done = Fs to 
FN : e : > a ‘— calculate the magnitude of 
RN ~ the horizontal force. 
¢ R=8 
The magnitude .of the Use F= ma to calculate the 
resistance is 8N ec 


16 


Work, energy and power 


A bricklayer raises a load of bricks of total mass 30kg at a constant speed by attaching a cable 
to the bricks. Assuming the cable is vertical, calculate the work done when the bricks are raised a 
distance of 7m. 


TN T - 30g=0 
‘ T = 30g 
One work done = Fs 

=30x9.8x7 
= 2058 

The work done against gravity 

is 2100J or 2.1kJ (2 sf) 

30¢N 


A package of mass 2kg is pulled at a constant speed up a rough plane which is inclined at 30° to 
the horizontal. The coefficient of friction between the package and the surface is 0.35. 

The package is pulled 12m up a line of greatest slope of the plane. Calculate: 

a the work done against gravity b the work done against friction 


a RN 


. by PN 
a 


2gN 
Work done against gravity = mgh 
= 2g x 12sin30° 
=2x9.6x12x05 
= 117.6 
The work done against gravity is 116J (3 sf). 


endicular to 


b Resolve perpendicular to the plane to find R. 
R- 2gc0530° =O 
R= 2gcos30° 


F=pR 


F=0. 2 oi 
0.35 x 2gcos30' t Watch out ) You will usually be 


a Glas allowed to give answers to either 2 s.f. 
P= or 3 s.f,, but read questions carefully, 
Work done against friction = Ps as sometimes a degree of accuracy 
= (0.35 x 2gcos30°) x 12 may be specified. 
= TN2D is 


The work done against friction is 71.3J (3 s.f). 
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Example 


A sledge is pulled 15m across a smooth sheet of ice by a force of magnitude 27 N. The force is inclined 
at 25° to the horizontal. By modelling the sledge as a particle calculate the work done by the force. 


27N 


t Watch out ) The point of application of the force 


horizontal component . distance is not moving in the direction of the line of action 
of force * “moved of the force. To find the work done, use the 
= 2705 25° x 15 horizontal component of the force. 
= 367.0... 
The work done by the force is 367 J (3 s4). 


Exercise (2A) 


Whenever a numerical value of g is required, take g = 9.8ms~, and give your answers to either 
2 significant figures or 3 significant figures. 


Work done = 


1 Calculate the work done by a horizontal force of magnitude 0.6 N which pulls a particle a 
distance of 4.2m across a horizontal floor. 


2 A box is pulled 12m across a smooth horizontal floor by a constant horizontal force. 
The work done by the force is 102 J. Calculate the magnitude of the force. 


3 Calculate the work done against gravity when a particle of mass 0,35 kg is raised a vertical 
distance of 7m. 


4 Acrate of mass 15kg is raised through a vertical distance of 4m. Calculate the work done 
against gravity. 
5 A box is pushed 15m across a horizontal surface. The box moves at a constant speed and the 


resistances to motion are constant and total 22 N. Calculate the work done by the force pushing 
the box. 


6 A ball of mass 0.5kg falls vertically 15m from rest. Calculate the work done by gravity. 


7 Acable is attached to a crate of mass 80kg. The crate is raised vertically at a constant speed 
from the ground to the top of a building. The work done in raising the crate is 30 kJ. 
Calculate the height of the building. 


8 A sledge is pulled 14m across a horizontal sheet of ice by a rope inclined at 25° to the horizontal. 
The tension in the rope is 18 N and the ice can be assumed to be a smooth surface. 
a Calculate the work done. 
b_ State a modelling assumption that you have made and assess its validity. 


9 A parcel of mass 3kg is pulled a distance of 4m across a rough horizontal floor. 
The parcel moves at a constant speed. The work done against friction is 30J. 
Calculate the coefficient of friction between the parcel and the surface. 
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Work, energy and power 


A block of wood of mass 2kg is pushed across a rough horizontal floor. The block moves at 
3ms"! and the coefficient of friction between the block and the floor is 0.55. Calculate the work 
done in 2 seconds. 


A girl of mass 52kg climbs a vertical cliff which is 46m high, Calculate the work she does 
against gravity. 


A child of mass 25kg slides 2m down a smooth slope inclined at 35° to the horizontal. 
Calculate the work done by gravity. 


A particle of mass 0.3 kg is pulled 2m up a line of greatest slope of a plane which is 
inclined at 25° to the horizontal. Calculate the work done against gravity. 


A rough plane surface is inclined at an angle a Problem-solving 


; Fi 5 
toline horizontal, whereisin = nares backetich Draw a right-angled triangle with sides of 
mass 8 kg is pulled at a constant speed up a line length 5, 12 and 13, or use your calculator 


of greatest slope of the plane. The coefficient of tolfind the exact value of cosa. 

friction between the packet and the plane is 0.3. 

a Calculate the magnitude of the frictional force acting on the packet. (5 marks) 
The packet moves a distance of 15m up the plane. Calculate: 

b_ the work done against friction (3 marks) 
c the work done against gravity. (4 marks) 


A rough surface is inclined at an angle arcsin 4s to the horizontal. A particle of mass 

0.5kg is pulled 3 m at a constant speed up the surface by a force acting along a line of 
greatest slope. The only resistances to the motion are those due to friction and gravity. 

The work done by the force is 12 J. Calculate the coefficient of friction between the 

particle and the surface. (5 marks) 


A rough surface is inclined at 40° to the horizontal. A box of mass 1.5kg is pulled at a 

constant speed up the surface by a force T acting along a line of greatest slope. 

The coefficient of friction between the particle and the surface is 0.4. 

Modelling the box as a particle, calculate the work done by T when the particle 

travels 8m. (4 marks) 


A particle P of mass 2kg is projected up a line of greatest slope of a rough plane which 

is inclined at an angle arcsin 3 to the horizontal. The coefficient of friction between P and 
the plane is 0.35. 

The particle comes to instantaneous rest a distance 3m up the line of greatest slope of the 
plane. Find: 


a_ the work done by gravity (3 marks) 
b_ the work done by friction (3 marks) 
¢ the speed of projection. (4 marks) 
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& Kinetic and potential energy 
You can calculate the kinetic energy of a moving particle and the potential energy of a particle. 


= Kinetic energy (K.E.) = mv2, where mis the t Note ] A level candidates might need to consider 
mass of the particle and v is its speed. the kinetic energy of a particle moving in two 

= Potential energy (P.E.) = mgh, where h is the dimensions. ia particle has mass wp and velocity 
height of the particle above an arbitrary vector v then it has kinetic energy 5m|v/’. 
fixed level. 


A particle possesses kinetic energy when it is moving. When the mass of the particle is measured in 
kilograms and its velocity is measured in metres per second, the kinetic energy is measured in joules. 


A particle possesses potential energy whenever gravity acts [ Notation ] anepeecnecenral 
on it. When the mass of the particle is measured in kilograms, energy is Calica called 


the acceleration due to gravity is measured in metres per second gravitational potential energy. 
squared and its height above the fixed level is measured in 


metres, the potential energy is measured in joules. t Watch out PAE 

Kinetic energy cannot 
The work done by a force which accelerates a particle be negative. Potential energy is 
horizontally is related to the kinetic energy of that particle. negative if the particle is below the 


fixed reference level. 
= Work done = change in kinetic energy 


You can derive this result using formulae you already know: 


F=ma Equation of motion 


v?=ue + 2as 
— Constant acceleration formula 


aie vue 
2s . 
‘— Rearrange to make a the subject 
F m(v2 — v2) 
~ 2s 


'— Substitute for a in the equation of motion. 


p= tmy2 —Lme 
Fs = zmv? — smut 


— Fsis force x distance or work done 
Work done = final K.E. — initial K.E. 


Work done = change in K.E. 


A particle of mass 0.3kg is moving at a speed of 9ms"! 


Calculate its kinetic energy. 
amy" 
=f x 03x 9? 
=12.15 
The KE. of the particle is 12.2 J (3 s.f) 


KE. 
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A box of mass 1.5kg is pulled across a smooth horizontal surface by a horizontal force. The initial 
speed of the box is ums“! and its final speed is 3ms~!. The work done by the force is 1.8 J. Calculate 
the value of wu. 


Work done = Smv? — Smu? { watch out ) The work done by the 


force is equal to the change in kinetic 


18 = 3x15 x 32-3 x 1.50? 
3x 1.50? = 4.95 pace 
p22 425%2 
~ 


u= 2.57 (3st) 


A van of mass 2000kg starts from rest at some traffic lights. After travelling 400 m the van’s speed 
is 12ms!. A constant resistance of 500N acts on the van. Calculate the driving force, which can be 
assumed to be constant. 


The force used to calculate the work 
f— done is the resultant force in the 
direction of the motion. 


Work done = increase in KE. 


s=14my2 —-1mu2 
Fs = 5mv piu 


(P f 500) x 400 = $ x 2000 x 12? — 3 x 2000 x 0? { Watch out ) When you are considering 
1 x 2000 x 122 an overall change in energy of a body, 
2 


P-500= you should use the resultant force in 
400 your calculations. The change in energy 
P= 360 + 500 of the van is not the same as the work 
P= 660 done by the driving force, as some of 
The driving force is BGON. this work is used to overcome friction. 


= You must choose a zero level of potential energy before calculating a particle’s potential energy. 


If the particle moves upwards its potential energy will increase. If it moves downwards its potential 
energy will decrease. 


A load of bricks of total mass 30kg is lowered vertically to the ground through a distance of 15m. 
Find the loss in potential energy. 


Original level 


21 


Chapter 2 


Final PE. =O | Take the final level to be the zero level for 
Initial PE, = mgh PE. 

=30x98x 15 

= 4410 


Loss of PE. = 4410 -O 
The loss of potential energy is 44104. 


A parcel of mass 3kg is pulled 10m up a plane inclined at an angle @ to the horizontal, where 
tand= ;. Assuming that the parcel moves up a line of greatest slope of the plane, calculate the 
potential energy gained by the parcel. 


EJ 3 
tan? = so sind == 


= v4; 


Zero level 


3gN 
Change in height = 10sin0 
=6m The vertical distance moved by the parcel 
Final PE. = mgh is6m. 
3x96x6 
= 176.4 
Initial PE. = O 


The potential energy gained by the parcel is 176J. | 


Whenever a numerical value of g is required, take g = 9.8ms~, and give your answers to either 
2 significant figures or 3 significant figures. 


1 Calculate the kinetic energy of the following objects. Put them in order, from the greatest 
kinetic energy to the least. 
a a particle of mass 0.3kg moving at 1Sms"! 
b a particle of mass 3kg moving at 2ms"! 
¢ an arrow of mass 0.1 kg moving at 100ms"! 
d_ a boy of mass 25kg running at 4ms“! 
e acar of mass 800kg moving at 20ms"! 


2 Find the change in potential energy of each of the following, stating in each case whether it is a 
loss or a gain: 
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a particle of mass 1.5kg raised through a vertical distance of 3m 
a woman of mass 55kg ascending a vertical distance of 15m 

a man of mass 75kg descending a vertical distance of 30m 

d_ a lift of mass 580 kg descending a vertical distance of 6m. 


eos. 


3 A particle of mass 1.2kg decreases its speed from 12ms~! to 4ms-!. Calculate the decrease in 


the particle’s kinetic energy. 


4 Avan of mass 900kg increases its speed from 5ms~! to 20ms~!. Calculate the increase in the 


van’s kinetic energy. 


5 A particle of mass 0.2 kg increases its speed from 2ms~! to yms"!. The particle’s kinetic energy 


increases by 6 J. Calculate the value of v. 


6 Anice skater of mass 45kg is initially moving at Sms~'. She decreases her kinetic energy 


by 100J. Calculate her final speed. 


7 A playground slide is modelled as a plane inclined at 48° to the horizontal. A child of mass 


25kg slides down the slide for 4m. 
a Calculate the potential energy lost by the child. (4 marks) 
b State one assumption that you have made in your calculations, and comment on 

its validity. (1 mark) 


8 A ball of mass 0.6kg is dropped from a height of 2m into a pond. 


a Calculate the kinetic energy of the ball as it hits the surface of the water. (3 marks) 
The ball begins to sink in the water with a speed of 4.8ms"!. 
b Calculate the kinetic energy lost when the ball strikes the water. (4 marks) 


9 A lorry of mass 2000kg is initially travelling at 35ms~'. The brakes are applied, causing 


the lorry to decelerate at 1.2ms~? for 5s. Calculate the loss of kinetic energy of the lorry. 


(G) 10 Acar of mass 750kg moves along a stretch of road which can be modelled as a line of 


greatest slope of a plane inclined to the horizontal at 30°. As the car moves up the road 

for 500m its speed reduces from 20ms"! to 15ms-. Calculate: 

a_ the loss of kinetic energy of the car (3 marks) 
b_ the gain of potential energy of the car. (4 marks) 


11 A woman of mass 80kg climbs a vertical cliff face of height im. Her potential energy 


increases by 15.7kJ. 
Find the height of the cliff. (3 marks) 


Challenge 


A 1kg ball, initially at rest, is dropped from the top of a cliff. 

The ball can be modelled as a particle falling freely under gravity. 

a Find, in terms of 1, the kinetic and potential energy of the ball at a 
time ¢ seconds after it is dropped. 

b Show that the sum of the kinetic energy and potential energy of the 
ball is constant. 
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@® Conservation of mechanical energy and work-energy principle 


You can use the principle of conservation of mechanical energy and the work-energy principle to 
solve problems involving a moving particle. 


= When no external forces (other than gravity) do work { Notation ] This is called the 
on a particle during its motion, the sum of the particle’s pn anciple of conservation of 
kinetic energy and potential energy remains constant. mechanical energy. 


This is true whether the particle moves vertically or along a path inclined to the horizontal. 


The total energy possessed by a particle can only change during the particle's motion if some external 
force is doing work on the particle. Any non-gravitational resistance to motion acting on the particle 
will reduce the total energy of the particle, as the particle will have to do work to overcome the 
resistance, 


= The change in the total energy of a particle is equal to [ Notation } This is called the work~ 
the work done on the particle. energy principle. 


Example 


A smooth plane is inclined at 30° to the horizontal. A particle of mass 0.5kg slides down a line of 
greatest slope of the plane. The particle starts from rest at point A and passes point B with a speed 
6ms"!. Find the distance AB. 


Note that the normal reaction R 
ee am ~RN-——————_——— does no work on the particle as it is 
a always perpendicular to the motion. 


Decrease in RE. = mgh The vertical distance moved by the 
= 0.5 x 9.6 x (xsin 30°) ———————_———. particle is x sin30°, where x is the 
Increase in KE. = smv? — smu distance AB. 


=3zx05x6?-0 


Decrease in PE. = increase in KE. 


0.5 x 9.6 x (xsin30°) = 3 x 0.5 x 6? : 
is Bae ax i , Problem-solving 


5x05 x s f 
*=O5 x98 x sinso® The only force ecune on the particle 
that is doing work is gravity so 
x = 3.673... you can apply the principle of 
The distance AB is 3.67 m (3 s.f) conservation of mechanical energy. 
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Example 


A particle of mass 2kg is projected with speed 8 ms"! up a line of greatest slope of a rough plane 
inclined at 45° to the horizontal. The coefficient of friction between the particle and the plane 
is 0.4. Calculate the distance the particle travels up the plane before coming to instantaneous rest. 


Oms" 


Problem-solving 


The slope is rough so some work will be 
done on the particle by a force other 
than gravity. This means you will have 
to use the work-energy principle in this 
question. 


Total loss of energy = KE. lost - PE. gained 


= (mv? — mu?) — mgh 
= ($x 2 x 6? - 0) - 2 x 9.6 x (xsin45°) 
= 64 — 19.6xsin45° 

Work done against friction = Fx 

R= 2gcos45° 


F= wR = 0.4 x 2gco0s45° = 0.8gc0s 45° 


) friction is 


Loss of energy = work done against friction 
4 — 19.6xsin45° = 0.8gcos45° x x 
19.6xsin45° + O.8gxcos45° = 64 


a 
19.6 sin45° + O.6gcos45° 


The particle moves 3.30m (3 5.f) up the plane. 


= 3.296... 


Example 


A skier moving downhill passes point A on a ski run at 6ms~!. After descending 50m vertically the 
run begins to ascend. When the skier has ascended 25m to point B her speed is 4ms~!. 

The skier and her skis have a combined mass of 55kg. The total distance she travels from A to B 

is 1400 m. The non-gravitational resistances to motion are constant and have a total magnitude of 
12.N. Calculate the work done by the skier. 


25 


Chapter 2 


Ps 6s! 


Her final speed is less than her initial 


Loss of KE. = $mu2 - Lv? i 
4 * 1 5 speed so K.E. is lost. 
=3x55x6?-35%55 x 4? 
=550J 


,- Bis lower than A so PE. is lost. 
Loss of PE. = mgh 
= 55 x 9.6 x (50 - 25) 


Use work done = Fs to calculate the work 


=13475J [done against the resistances. 
Total loss of energy = 550 + 13475 = 14025) 


a 

Work done against resistances = 12 x 1400 = 16600J The skier’s loss of energy provides some 

Work done by skier = 16800 - 14025 = 2775 J ———-— of the work needed to overcome the 
resistances. The remainder is provided 


The work done by the skier is 2780J (3 s.f) by the skier doing work. 


Exercise 


Whenever a numerical value of g is required, take g = 9.8ms~, and give your answers to either 
2 significant figures or 3 significant figures. 


1 A particle of mass 0.4kg falls a vertical distance of 7m from rest. t Hint ) Wieeponibe 


a Calculate the potential energy lost. should use the eras os 
b_ By assuming that air resistance can be neglected, conservation of mechanical 
calculate the final speed of the particle. energy and the work- 
energy principle to answer 
2 Astone of mass 0.5kg is dropped from the top of a tower and these questions rather than 
falls vertically to the ground. It hits the ground with a speed of the suvat formulae. 
12ms". Find: 


a the kinetic energy gained by the stone 
b_ the potential energy lost by the stone 
ec the height of the tower. 


3 A box of mass 6kg is pulled in a straight line across a smooth horizontal floor by a constant 
horizontal force of magnitude 10 N. The box has speed 2.5ms~! when it passes through point P 
and speed 5ms~! when it passes through point Q. 

a Find the increase in kinetic energy of the box. 
b Write down the work done by the force. 
ec Find the distance PQ. 
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A particle of mass 0.4kg moves in a straight line across a rough horizontal surface. The speed 
of the particle decreases from 8ms~! to 4ms~! as it travels 7m. 


a Calculate the kinetic energy lost by the particle. 
b Write down the work done against friction. 
e Calculate the coefficient of friction between the particle and the surface. 


A box of mass 3kg is projected from point A across a rough horizontal floor with speed 6ms~!. 
The box moves in a straight line across the floor and comes to rest at point B. The coefficient of 
friction between the box and the floor is 0.4. 


a Calculate the kinetic energy lost by the box. (2 marks) 
b Write down the work done against friction. (1 mark) 
¢ Calculate the distance AB. (5 marks) 


A particle of mass 0.8 kg falls a vertical distance of 5m from rest. By considering energy, find 
the speed of the particle as it hits the ground. 


A stone of mass 0.3 kg is dropped from the top of a vertical cliff and falls freely under gravity. 
It hits the ground below with a speed of 20ms"". Air resistance is negligible. Use energy 
considerations to calculate the height of the cliff. 


A particle of mass 0.3 kg is projected vertically upwards and moves freely under gravity. 
The initial speed of the particle is ums~!. When the particle is 5m above the point of projection 
its kinetic energy is 2.1 J. Neglecting air resistance, calculate the value of u. 


A bullet of mass 0.1 kg travelling at 500 ms! horizontally hits a vertical wall. The bullet 
penetrates the wall to a depth of 50mm. The resistive force exerted on the bullet by the wall is 
constant. Calculate the magnitude of the resistive force. 


A bullet of mass 150g travelling at 500 ms“! horizontally hits a vertical wall. The resistive force 
exerted by the wall on the bullet is modelled as having a constant magnitude of 250000N. 


a Calculate the distance that the bullet penetrates the wall. (4 marks) 
b State how the model for the resistive force could be refined to make it more realistic. (1 mark) 


A package of mass Skg is released from rest and slides 2m down a line of greatest slope of a 
smooth plane inclined at 35° to the horizontal. 


a Calculate the potential energy lost by the package. 
b Write down the kinetic energy gained by the package. 
¢ Calculate the final speed of the package. 


A particle of mass 0.5 kg is released from rest and slides down a line of greatest slope of a 
smooth plane inclined at 30° to the horizontal, When the particle has moved a distance xm, its 
speed is 2ms-!. Find the value of x. 


A particle of mass 0.2 kg is projected with speed 9 ms" up a line of greatest slope of a smooth 
plane inclined at 30° to the horizontal. The particle travels a distance xm before first coming to 
rest. By considering energy, calculate the value of x. 
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14 A particle of mass 0.6kg is projected up a line of greatest slope of a smooth plane inclined 
at 40° to the horizontal. The particle travels 5m before first coming to rest. Use energy 
considerations to calculate the speed of projection. 


15 A box of mass 2kg is projected with speed 6ms~! up a line of greatest slope of a 
rough plane inclined at 30° to the horizontal. The coefficient of friction between 
the box and the plane is + Use the work—energy principle to calculate the distance 
the box travels up the plane before coming to rest. (5 marks) 


® 16 A tennis ball of mass 58 g is hit vertically upwards by a tennis racket from a point 1 metre above 
the ground. Given that the tennis ball receives an impulse of 1.7 Ns, 
a_ find the initial speed of the ball. (3 marks) 
The ball first comes to rest at a point 28m above the ground. 
b_ Find the energy lost due to air resistance by the ball during this motion. (3 marks) 
Given that the air resistance is modelled as a constant force of magnitude RN, 
e find the value of R. (2 marks) 


17 A skier of mass 80kg skis down a straight hill inclined at 30° to the horizontal. The speed of 
the skier increases from 3ms"! to 12ms-!. 


The total resistances to motion of the skier due to friction and air resistance are 
modelled as a constant force of magnitude RN. 


a Given that the skier travels a total distance of 50m, find the value of R. (5 marks) 
b Suggest one way in which the model could be refined. (1 mark) 


18 A box of mass 70 kg starts at rest and slides in a straight line down a surface inclined at 20° to 
the horizontal. After the box has travelled a distance of 60m, the surface becomes horizontal, 
and the box slides a further 50 m before coming to rest. The total resistance due to friction and 
air resistance is modelled as a force of constant magnitude RN which acts so as to oppose the 
direction of motion of the box. Find the value of R. (7 marks) 


19 A girl and her sledge have a combined mass of 40kg. She starts from rest and descends a slope 
which is inclined at 25° to the horizontal. At the bottom of the slope the ground becomes 
horizontal for 15m before rising at 6° to the horizontal. The girl travels 25m up the slope 
before coming to rest once more. There is a constant resistance to motion of magnitude 18 N. 
Calculate the distance the girl travels down the slope initially. (7 marks) 


Challenge 


The temperature of a gas is related to the average kinetic energy of its molecules by 
the formula: 

average K.E. = 3kT" 

where k = 1.38 x 10-JK~! and 7 is the temperature in kelvin (K). 

The mass of an oxygen molecule is 8 times greater than the mass of a hydrogen 
molecule. Two containers, one containing hydrogen and the other containing 
oxygen, have been in contact and able to exchange heat for a very long time, so that 
molecules of both gases are at the same temperature. The average speed of the 
oxygen molecules is 400ms-. Find the average speed of the hydrogen molecules. 
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@® Power 


You can calculate the power developed by an engine and solve problems about moving vehicles. 

= Power is the rate of doing work. 

The power developed by the engine of a moving vehicle is calculated using the following formula. 

= Power = Fy, where F is the driving force produced by the engine and v is the speed of the vehicle. 


If the driving force is measured in newtons and the speed is measured in ms~, power is measured in 
watts (W), where 1 watt is 1 joule per second. The power of an engine is often given in kilowatts (kW). 


A truck is being pulled up a slope at a constant speed of 8ms~! by a force of magnitude 2000 N 
acting parallel to the direction of motion of the truck. Calculate, in kilowatts, the power developed. 


Work done per second = 2000 x & = 16000J 
Fower = rate of doing work = 1GOOOW 
The power developed is 16kW. 


A van of mass 1250kg is travelling along a horizontal road. The van’s engine is working at 24kW. 
The constant resistance to motion has magnitude 600 N. Calculate: 


a the acceleration of the van when it is travelling at 6ms! 
b the maximum speed of the van. 


6OON 4 = = 


a Fower = 24kW = 24000W 
Fower = Fv 
24000 =Tx 6 

T = 4000 
4000 - 600 = 1250a 
4000 - 600 
a= hE 272 
The acceleration is 2.72ms~* 
b T'=GOON 
24000 = GO00v 
24000 
v= 59 = 40 
The maximum speed of the van is 40ms~. 
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Example 


A car of mass 1100kg is travelling at a constant speed of 15ms~! along a straight road which is 
inclined at 7° to the horizontal. The engine is working at a rate of 24kW. 


a Calculate the magnitude of the non-gravitational resistance to motion. 


The rate of working of the engine is now increased to 28 kW. 


Assuming the resistances to motion are unchanged, 


b calculate the initial acceleration of the car. 


30 


_—r Os 


R + 1100gsin7° = T = 1600 


R= 1600 — 1100gsin7° 
R= 286.2... 
The resistance to motion is 266N (3 s.f) 


ams® 
N —» 


100g 


28 x 103 = Tx 15 
28 x 10 
15 
T' - (286.2 + 1100gsin7°) = 1100a 
(28 x 103) + 15 — (286.2 + 1100gsin7°) = 1100a 
(28 x 10%) + 15 — (286.2 + 1100gsin7°) 
1100 


Dis 


a=0.2424.., 


Problem-solving 


Draw a new diagram for the 

new situation. As the power has 
changed, the driving force and the 
acceleration will change. 


t 
The initial acceleration is 0.242 ms~* (3 sf). 


Work, energy and power 


Example 


Acar of mass 2600kg is travelling in a straight line. At the instant when the speed of the car is 
yms"!, the total resistances to motion are modelled as a variable force of magnitude (800 + Sv?) N. 
The car has a cruise control feature which adjusts the power generated by the engine to maintain a 
constant speed of 18ms~!. 

Find the power generated by the engine when: 

a the car is travelling on a horizontal road 

b the car is travelling up a road that is inclined at an angle 4° to the horizontal. 


a When v= 18ms7, Problem-solving 


resistive force = (600 + 5 x 167) = 2420N The magnitude of the resistive 
P=Fv force is variable. However, the car 
P = 2420 x 18 = 43560W is maintaining a constant speed, so 


The power generated by the engine is 43 GOOW (3 s.f) substitute v= 18 into 800 + 5y* to find 
the magnitude of the resistive force. 


b NN 4 

8m 
The car is travelling at a constant 
speed so the driving force provided 
by the engine is equal to the resistive 
force. 


The magnitude of the resistive force is 
the same. 


2600gN 
F = 2420 + 2600gsin4° Resolve parallel to the plane. 

= 4197N 
P=4197 x 18 =75553W Substitute into power = force x velocity 


The power generated by the engine is 75 GOOW (3 5) 


Exer 
Whenever a numerical value of g is required, take g = 9.8ms~*, and give your answers to either 
2 significant figures or 3 significant figures. 


1 A force of 1500N pulls a van up a slope at a constant speed of 12ms~!. Calculate, in kW, the 
power developed. 


2 Acar is travelling at 15ms"' and its engine is producing a driving force of 1000N. 
Calculate the power developed. 


3 The engine of a van is working at 5kW and the van is travelling at 18 ms~!. Find the magnitude 
of the driving force produced by the van’s engine. 


4 Acar’s engine is working at 15kW. The car is travelling along a horizontal road. The total 
resistance to motion has a magnitude of 600 N. Calculate the maximum speed of the car. 


31 


Chapter 2 


5 


10 


® u 


32 


Acar has a maximum speed of 40ms~! when travelling along a horizontal road. The total 
resistances to motion of the car are assumed to be constant and of magnitude SOON. 


a Calculate the power the car’s engine must develop to maintain this speed. 
b Comment on the assumption that the resistance to motion is constant. 


A van is travelling along a horizontal road at a constant speed of 16ms~!. The van’s engine is 
working at 8.8 kW. Calculate the magnitude of the resistance to motion. 


A car of mass 850kg is travelling along a straight horizontal road against resistances totalling 
350N. The car’s engine is working at 9 kW. Calculate: 


a_ the acceleration when the car is travelling at 7ms“! (3 marks) 
b_ the acceleration when the car is travelling at 15ms~! (2 marks) 
¢ the maximum speed of the car. (2 marks) 


Acar of mass 900kg is travelling along a straight horizontal road at a speed of 20ms-!, 
The constant resistances to motion total 300N. The car is accelerating at 0.3ms~. 
Calculate the power developed by the engine. 


Acar of mass 1000kg is travelling along a straight horizontal road. The car’s engine is working 
at 12kW. When its speed is 24ms7 its acceleration is 0.2ms~’. The resistances to motion have a 
total magnitude of R newtons. Calculate the value of R. (4 marks) 


A cyclist is travelling along a straight horizontal road. The resistance to his motion is constant 
and has magnitude 28 N. The maximum rate at which he can work is 280 W. Calculate his 
maximum speed. 


A van of mass 1200kg is travelling up a straight road inclined at 5° to the horizontal. 

The van moves at a constant speed of 20ms" and its engine is working at 24kW. 

The resistance to motion from non-gravitational forces has magnitude R newtons. 

a Calculate the value of R. (3 marks) 
The road now becomes horizontal. The resistance to motion from non-gravitational forces is 
unchanged. 

b Calculate the initial acceleration of the van. (4 marks) 


A car of mass 800kg is travelling at 18ms"! along a straight horizontal road. The car’s engine is 
working at a constant rate of 26kW against a constant resistance of magnitude 750 N. 

a Find the acceleration of the car. (3 marks) 
The car now ascends a straight hill, inclined at 9° to the horizontal. The resistance to motion from 
non-gravitational forces is unchanged and the car’s engine works at the same rate. 

b_ Find the maximum speed at which the car can travel up the hill. (4 marks) 


A van of mass 1500kg is travelling at its maximum speed of 30ms~! along a straight horizontal 
road against a constant resistance of magnitude 600 N. 

a Find the power developed by the van’s engine. (3 marks) 
The van now travels up a hill along a straight road inclined at 8° to the horizontal. The van’s engine 
works at the same rate and the resistance to motion from non-gravitational forces is unchanged. 

b Find the maximum speed at which the van can ascend the hill. (4 marks) 


Work, energy and power 


® 14 A cyclist with her bicycle has a total mass of 80kg. She travels at a constant speed of 7ms™', 
first on flat ground, and then up a hill inclined at 2° to the horizontal. Find the increase in 
power required on the hill compared to the flat ground. 


® 15 A train of mass 150 tonnes is moving up a straight track which is inclined at 2° to the 
horizontal. The resistance to the motion of the train from non-gravitational forces has 
magnitude 6KkN and the train’s engine is working at a constant rate of 350kW. 


a Calculate the maximum speed of the train. (5 marks) 


The track now becomes horizontal. The engine continues to work at 350kW and the resistance 
to motion remains 6kKN, 


b_ Find the initial acceleration of the train. (3 marks) 
16 A car is moving along a straight horizontal road with speed yms~!. The magnitude of the 


resistance to motion of the car is given by the formula (150 + 3v) N. The car’s engine is working 
at 10kW. Calculate the maximum value of y. (6 marks) 


17 A van of mass 4000 kg is travelling in a straight line. = 
Problem-solving 


At the instant when the speed of the car is yms“', 

the total resistances to motion are modelled as a For part b, use P= Fv to find the 
variable force of magnitude (1200 + 8v) N. The engine driving force in terms of w. 

of the van works at a constant rate of 28 kW. 


a Find the acceleration of the van at the instant when y = 10. (4 marks) 
When the car is travelling at wms-", it is decelerating at 0.2ms~. 
b_ Find the value of w. (4 marks) 


Mixed exercise 


Whenever a numerical value of g is required, take g = 9.8ms~, and give your answers to either 
2 significant figures or 3 significant figures. 


1 Accyclist and her bicycle have a combined mass of 70kg. She is cycling at a constant speed of 6ms~! 
on a straight road up a hill inclined at 5° to the horizontal. She is working at a constant rate of 
480 W. Calculate the magnitude of the resistance to motion from non-gravitational forces. 


2 A boy hauls a bucket of water through a vertical distance of 25m. The combined mass of the 
bucket and water is 12kg. The bucket starts from rest and finishes at rest. 
a Calculate the work done by the boy. 
The boy takes 30s to raise the bucket. 
b Calculate the average rate of working of the boy. 


® 3 A particle P of mass 0.5kg is moving in a straight line from A to B on a rough horizontal 
plane. At A the speed of P is 12ms"', and at B its speed is 8ms~!. The distance from A to B is 
25m. The only resistance to motion is the friction between the particle and the plane. Find: 


a_ the work done by friction as P moves from A to B 
b_ the coefficient of friction between the particle and the plane. 
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B (5m) 


The diagram shows a particle A of mass 2m which can move on the rough surface of a plane 

inclined at an angle @ to the horizontal, where sin@ = 2 A second particle B of mass 5m hangs 

freely attached to a light inextensible string which passes over a smooth light pulley fixed at D. 

The other end of the string is attached to A. The coefficient of friction between A and the plane 

is 2 Particle B is initially hanging 2 m above the ground and A is 4m from D. When the system 

is released from rest with the string taut, A moves up a line of greatest slope of the plane. 

a Find the initial acceleration of A. (7 marks) 

When B has descended | m the string breaks. 

b_ By using the principle of conservation of energy calculate the total distance moved by A 
before it first comes to rest. (5 marks) 


® 5 Acar of mass 800kg is travelling along a straight horizontal road. The resistance to motion 


from non-gravitational forces has a constant magnitude of 500 N. The engine of the car is 
working at a rate of 16kW. 


a Calculate the acceleration of the car when its speed is 15ms"!. (3 marks) 


The car comes to a hill at the moment when it is travelling at 1Sms~!. The road is still straight 
but is now inclined at 5° to the horizontal. The resistance to motion from non-gravitational 
forces is unchanged. The rate of working of the engine is increased to 24kW. 


b Calculate the new acceleration of the car. (4 marks) 


6 Acar of mass 750kg is moving at a constant speed of 18ms~! down a straight road inclined at 


an angle @ to the horizontal, where tan @ = > The resistance to motion from non-gravitational 
forces has a constant magnitude of 1000N. 


a_ Find, in kW, the rate of working of the car's engine. (3 marks) 


The engine of the car is now switched off and the car comes to rest ¢ seconds later. 
The resistance to motion from non-gravitational forces is unchanged. 


b_ Find the value of 1. (3 marks) 


A(2m) C) 


B(3m) 


The diagram shows a particle A of mass 2m which can move on the rough surface of a plane 
inclined at an angle @ to the horizontal, where sin@ = 2. A second particle B of mass 3m hangs 
freely attached to a light inextensible string which passes over a smooth pulley. 
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The other end of the string is attached to A. The coefficient of friction between A and the plane 
is + The system is released from rest with the string taut and A moves up a line of greatest 
slope of the plane. When each particle has moved a distance s, A has not reached the pulley 
and B has not reached the ground. 


a Find an expression for the potential energy lost by the system when each particle has moved 
a distance s. 


When each particle has moved a distance s they are moving with speed v. 
b_ Find an expression for v2, in terms of s. 


A parcel of mass Skg is resting on a platform inclined at 25° to the horizontal. 
The coefficient of friction between the parcel and the platform is 0.3. The parcel is released 
from rest and slides down a line of greatest slope of the platform. Calculate: 


a_ the speed of the parcel after it has been moving for 2s (3 marks) 
b_ the potential energy lost by the parcel during this time. (3 marks) 


Acar of mass 2000kg is travelling in a straight line at 10ms~!. The engine of the car produces a 
constant power of 4000 W. Find the acceleration of the car. 


A lorry of mass 16000kg is travelling up a straight road inclined at 12° to the horizontal. 
The lorry is travelling at a constant speed of 14ms~! and the resistance to motion from non- 
gravitational forces has a constant magnitude of 200KN. Find the work done in 10s by the 
engine of the lorry. 


A particle P of mass 0.3 kg is moving in a straight line on a smooth horizontal surface under 
the action of a constant horizontal force. The particle passes point A with speed 6ms~! and 
point B with speed 12ms"'. 

a Find the kinetic energy gained by P while moving from A to B. 

b Write down the work done by the constant force. 

The distance from A to B is 4m. 

e Calculate the magnitude of the force. 


A box of mass Skg slides in a straight line across a rough horizontal floor. The initial speed of 
the box is 10ms~!. The only resistance to the motion is the frictional force between the box and 
the floor. The box comes to rest after moving 8 m. Calculate: 


a_ the kinetic energy lost by the box in coming to rest (2 marks) 
b_ the coefficient of friction between the box and the floor. (4 marks) 


Acar of mass 900kg is moving along a straight horizontal road. The resistance to motion has 
a constant magnitude. The engine of the car is working at a rate of 15kW. When the car is 
moving with speed 20ms™!, the acceleration of the car is 0.3ms~. 


a Find the magnitude of the resistance. (3 marks) 


The car now moves downhill on a straight road inclined at 4° to the horizontal. The engine of 
the car is now working at a rate of 8 kW. The resistance to motion from non-gravitational forces 
remains unchanged. 


b Calculate the speed of the car when its acceleration is 0.5 ms~. (3 marks) 
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A bus of mass 7000kg is travelling in a straight line on a hill inclined at 10° to the horizontal. 
The engine of the bus produces a constant power of 4000 W and the bus accelerates at 2ms~. 
Find the speed of the bus. (3 marks) 


A block of wood of mass 4kg is pulled across a rough horizontal floor by a rope inclined at 15° 
to the horizontal. The tension in the rope is constant and has magnitude 75 N. The coefficient 
of friction between the block and the floor is? 


a_ Find the magnitude of the frictional force opposing the motion. (4 marks) 
b_ Find the work done by the tension when the block moves 6m. (4 marks) 
The block is initially at rest. 

c Find the speed of the block when it has moved 6m. (3 marks) 


The engine of a lorry works at a constant rate of 20kW. The lorry has a mass of 1800kg. 
When moving along a straight horizontal road there is a constant resistance to motion of 
magnitude 600 N. Calculate: 


a_ the maximum speed of the lorry 


b_ the acceleration of the lorry, in ms~, when its speed is 20ms~!. 


Acar of mass 1200kg is travelling at a constant speed of 20ms"! along a straight horizontal 
road. The constant resistance to motion has magnitude 600 N. 


a Calculate the power, in kW, developed by the engine of the car, (4 marks) 


The rate of working of the engine of the car is suddenly increased and the initial acceleration 
of the car is 0.5ms~. The resistance to motion is unchanged. 


b_ Find the new rate of working of the engine of the car. (5 marks) 


The car now comes to a hill. The road is still straight but is now inclined at 20° to the 
horizontal. The rate of working of the engine of the car is increased further to 50kW. 
The resistance to motion from non-gravitational forces still has magnitude 600 N. The car 
climbs the hill at a constant speed vms-!. 


ce Find the value of (5 marks) 


An insect of mass | g is falling vertically through air. At the instant when its speed is yms™', the 
total resistances to motion are modelled as a variable force of magnitude 0.01v?N. Find: 


a_ the acceleration of the insect at the instant when vy = 0.5ms"! (4 marks) 
b_ the maximum velocity of the insect. (5 marks) 


A marble of mass | kg slides down a plane inclined at 30° to the horizontal. At the instant 
when its speed is vms“', the total resistances to motion are modelled as a variable force of 
magnitude kvN, where k is a constant. 


a Find the acceleration of the marble when v = | ms“, in terms of k. (4 marks) 
b Given that the maximum velocity of the marble is 5ms™', find the value of k. (2 marks) 


Work, energy and power 


Challenge 


Acar of mass 3000kg drives on the inside of a 
cylindrical tube along a line of steepest slope. 
It maintains a constant speed of 20ms~. 

a Find the power generated by the engine 
when the car is in the position shown in the 
diagram, giving your answer in terms of @. 

b Explain what happens as # > 0 and @ > 90°. 


Summary of key points 


1 You can calculate the work done by a force when its point of application moves along a 
straight line using the formula 


component of force in distance moved 


work done="" Fo f eye n 
direction of motion in direction of force 


2 Work done against gravity = mgh, where m is the mass of the particle, g is the acceleration due 
to gravity and / is the vertical distance raised. 


3 Kinetic energy (K.E) = $mv2, where m is the mass of the particle and vis its speed 
Potential energy (RE.) = mgh, where h is the height of the particle above an arbitrary fixed level 


4 Work done = change in kinetic energy 


5 You must choose a zero level of potential energy before calculating a particle's potential 
energy. 


6 Principle of conservation of mechanical energy 


When no external forces (other than gravity) do work on a particle during its motion, the sum 
of the particle's kinetic and potential energy remains constant. 


7 Work-energy principle 
The change in the total energy of a particle is equal to the work done on the particle. 


8 Power is the rate of doing work. 


For a vehicle, power = Fv where Fis the driving force produced by the engine and vis the 
speed of the vehicle. 
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After completing this chapter you should be able to: 
@ Use Hooke's law to solve equilibrium problems involving elastic 


strings or springs — pages 39-45 
@ Use Hooke's law to solve dynamics problems involving elastic strings 
or springs > pages 46-48 


Find the energy stored in an elastic string or spring ~ pages 49-51 
Solve problems involving elastic energy using the principle 
of conservation of mechanical energy and the work-energy 
principle > pages 51-55 


1 Three forces act ona particle. 
Given that the particle is in 
equilibrium, calculate the 
exact values of F and tan 0. 


€ Statistics and Mechanics Year 2, Section 5,1 


A particle of mass 4 kg is pulled along a rough 
horizontal table by a horizontal force of 
magnitude 12 N. Given that the mass moves with 
constant velocity, work out the coefficient of 
friction between the particle and the table. 

€ Statistics and Mechanics Year 2, Section 5.3 


Bungee jumping is an activity 
that involves jumping from a 
high point whilst tethered to 
a long elastic cord. When the 


Asmooth plane is inclined at 30° to the person jumps, their gravitational 
horizontal. A particle of mass 0.4 kg slides down potential energy is converted 

a line of greatest slope of the plane. The particle into kinetic energy. As the 

starts from rest at point P and passes point bungee cord extends, this kinetic 
Qwith a speed 5ms~. Use the principle of energy is converted into elastic 
conservation of mechanical energy to find the potential energy. 

distance PQ. Section 2.3 + Mixed exercise Challenge 


Elastic strings and springs 


& Hooke’s law and equilibrium problems 
p You can use Hooke's law to solve equilibrium problems involving elastic strings or springs. 
When an elastic string or spring is stretched, the tension, 7; produced is proportional to the extension, x. 


aTxx 
= T=kx, where kis a constant 


The constant k depends on the unstretched 


length of the string or spring, /, and the t Watch out ) ineeniegeintecendeaie 

modulus of elasticity of the string or spring, 2. compressed. Instead of a tension this will 

a ax produce a thrust (or compression) force. Hooke’s 
“7 law still works for compressed elastic springs. 


This relationship is called Hooke’s law. 


T is a force measured in newtons, and x and / 
are both lengths, so the units of 4 are also 
newtons. The value of 4 depends on the material 
from which the elastic string or spring is made, 
and is a measure of the ‘stretchiness’ of the 
string or spring. In this chapter you may assume that Hooke's law applies for the values given in a 
question. In reality, Hooke's law only applies for values of x up to a maximum value, known as the 
elastic limit of the spring or string. 


An elastic string of natural length 2m and modulus of elasticity 29.4 N has one end fixed. 
A particle of mass 4 kg is attached to the other end and hangs at rest. Find the extension of the 


{ Note } In this chapter, all elastic strings and 
springs are modelled as being light. This means 
they have negligible mass and do not stretch 
under their own weight. 


string. 
2m 
fi 
x 
4g 
() T-4g=0- 
T= 4g 
— 29.4x 
re 
20 4g = 22.48 
x= 3m 
The string stretches by $m. 
ale pes This is the extension in the spring. 


The total length will be 42m. 


Chapter 3 


p An elastic spring of natural length 1.5m has one end attached to a fixed point. A horizontal force 
of magnitude 6 N is applied to the other end and compresses the spring to a length of 1 m, Find the 
modulus of elasticity of the spring. 


ne cee eral 
T=6N 
AxXOS 
afl 
3 
A=16N 
The modulus of elasticity is 16N. 


The elastic springs PO and QR are joined together at Q to form one long spring. The spring PO 
has natural length 1.6m and modulus of elasticity 20 N. The spring QR has natural length 1.4m 
and modulus of elasticity 28 N. The ends, P and R, of the long spring are attached to two fixed 
points which are 4m apart, as shown in the diagram. 


<—____ 4m —___> 


P R 


Find the tension in the combined spring. 


Pp pe x R Problem-solving 
Since Q is at rest the tension in each spring must 
be the same. 
1.6m ¥ 14m 
Let the extension in spring PQ be x. 
ieiice cpeiin — eee | 
u _ 20% 
ForQOR: T= cola 
9 20x _ 281 — x) 
16° «14 


Elastic strings and springs 


p 20x 


Fe = 2001 -») 
12.5x = 20 - 20x 
32.5x = 20 
sei 8 
13 
Og Bi 
= 100 
= yan 
The tension in the combined spring is 
7.69N (3 5.) 


An elastic string of natural length 2/ and modulus of elasticity 4mg is stretched between two points 
A and B. The points A and B are on the same horizontal level and AB = 2/. A particle P is attached 
to the midpoint of the string and hangs in equilibrium with both parts of the string making an 
angle of 30° with the line AB. Find, in terms of m, the mass of the particle. 


Explore Hooke’s law in equilibrium 
problems involving two elastic springs using 
GeoGebra. 


Q 


Problem-solving 
Draw a large clear diagram showing the forces 


acting on the particle. It is useful to label the 
midpoint of A and Bas well. 


Let the mass of the particle be M. 
(1) 2T cos 60° = Mg 


T= Mg 
ec ih _ tee 
AP = 25530 = 3 
so the stretched length of the string is 
Al 
v3 


.'. Extension of string is (Fz - 2i) 


pe GN (AL 
ore F (= 2) 


vom -4 


= O.62mg (2 s£.) 
Hence, 0.62mg = My 
The mass of the particle is 0.62m (2 sf). 


4 


ra 
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with the vertical, as shown. Find: 
a the value of 0 
b the length OP. 


iA) An elastic string has natural length 2m and modulus of elasticity 98 N. 
One end of the string is attached to a fixed point O and the other end is 
attached to a particle P of mass 4kg. The particle is held in equilibrium 
by a horizontal force of magnitude 28 N, with OP making an angle 0 


42 


a (+) Tsin@ = 26 
(1) Tcos@ = 4g 


=28_5 
tan@ = 477 
50, 6 = 35.5° 
28 
Pe ie 
28 _ 98x 
°° sind 2 
sox=—4— 
~ 7sind 
= 0.983... 


OP = 2 + 0,983... = 2.983... 
~. Length of OP is 2.98m (3 5.) 
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t Online ) Explore Hooke's law in equilibrium a? 


problems involving one elastic spring using 
GeoGebra. 


Problem-solving 


Since the particle is in equilibrium, you can 
resolve horizontally and vertically to find @. You 
could also use these two equations to find an 
exact value for 7; but it is easier to use your 
calculator and an unrounded value for @ to find x. 


Two identical elastic springs PQ and QR each have natural length / and modulus of elasticity 2mg. 
The springs are joined together at Q. Their other ends, P and R, are attached to fixed points, with P 
being 4/ vertically above R. A particle of mass m is attached at Q and hangs at rest in equilibrium. 
Find the distance of the particle below P. 


Elastic strings and springs 


Problem-solving 


>) 
s 


Draw a diagram showing the forces acting on 

the particle. Note that we have assumed that 

ue ie the lower spring is stretched and is therefore 

in tension. If the extension of the lower spring 
me turns out to be negative, then it means the lower 
Ti | 1 Spring is in compression. 


R 


l+xtyptl=4l 


ypral-x 
(1) Tz -mg-T,=0 
2mgx 2mg(2l - x) 
=p Sings 
1 
2x =1+ 2 (2I- x) 
2x =1+41- 2x 
4x=51 
Sh 
4 


x= 


The distance of the particle below P is 2! 


One end, A, of a light elastic string AB, of natural length 0.6m and modulus of elasticity 10N, is 
fixed to a point on a fixed rough plane inclined at an angle @ to the horizontal, where sin 0 = 4 
A ball of mass 3 kg is attached to the end, B, of the string. The coefficient of friction, j1, between 
the ball and the plane is a The ball rests in limiting equilibrium, on the point of sliding down the 
plane, with AB along the line of greatest slope. 
a Find: 

i the tension in the string 

ii the length of the string. 
b If p> 4 without doing any further calculation, state how your answer to part a ii would change. 


Problem-solving 


Draw a clear diagram showing all the forces. 
The ball is on the point of sliding down the plane, 
so the frictional force acts up the plane. 


4 


w 
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p Let extension of string be xm. 


(\) R= 3¢ cos = 28 


= R= 38 
F=pR=3 
(21 F r= sysna—__ frpggac rtm eta 
T = 3g sind - F 


T= (3¢ x 4) - 38 = 8 = 176N@ st) 


iS 5 
i7e a 
10x 
17.6 = 06 
so x = 106m (3 5.f) 
Length of string = 0.6 + 1.06 xis the extension in the string, so 


= 166m (3s) add the natural length to find the total length. 


1 
b If uw > = ther 
here Problem-solving 


PP wouiaibeigreaterias Fisk The coefficient of friction is greater, which means 


T would be less as T = 3g sin - F that there is a greater force due to friction acting 
Pwwllgveisssss nes up the plane. The string has to produce less force 

Ui to keep the ball in equilibrium, so less extension 
so answer to part a ii would be less than is required. 


1.66m 


GA) 


1 One end of a light elastic string is attached to a fixed point. A force of 4 N is applied to the 
other end of the string so as to stretch it. The natural length of the string is 3m and the 
modulus of elasticity is A N. Find the total length of the string when: 


a A=30 bA=12 ce 4=16 


2 The length of an elastic spring is reduced to 0.8 m when a force of 20 N compresses it. 
Given that the modulus of elasticity of the spring is 25 N, find its natural length. 


® 3 Anelastic spring of modulus of elasticity 20 N has one end fixed. When a particle of mass 

1 kg is attached to the other end and hangs at rest, the total length of the spring is 1.4m. The 
particle of mass | kg is removed and replaced by a particle of mass 0.8 kg. Find the new length 
of the spring. 


® 4 A light elastic spring, of natural length a and modulus of elasticity A, has one end fixed. A scale 
pan of mass M is attached to its other end and hangs in equilibrium. A mass m is gently placed 
in the scale pan. Find the distance of the new equilibrium position below the old one. 


Elastic strings and springs 


€*) 9 


@) 10 


@*) 1 


An elastic string has length a; when supporting a mass m, and length a) when supporting a 
mass /m). Find the natural length and modulus of elasticity of the string. 


When a weight, WN, is attached to a light elastic string of natural length /m the extension of 
the string is 10cm. When W is increased by SON, the extension of the string is increased by 
15cm. Find W. 


An elastic spring has natural length 2a and modulus of elasticity 2mg. A particle of mass m 
is attached to the midpoint of the spring. One end of the spring, A, is attached to the floor 

of a room of height Sa and the other end is attached to the ceiling of the room at a point B 
vertically above A. The spring is modelled as light. 


a Find the distance of the particle below the ceiling when it is in equilibrium. (8 marks) 
b In reality the spring may not be light. What effect will the model have had on the calculation 
of the distance of the particle below the ceiling? (1 mark) 


A uniform rod PQ, of mass 5 kg and length 3 m, has one end, P, smoothly hinged to a fixed 
point. The other end, Q, is attached to one end of a light elastic string of modulus of elasticity 
30 N. The other end of the string is attached to a fixed point R which is on the same horizontal 
level as P with RP = 5m. The system is in equilibrium and POR = 90°. Find: 


a the tension in the string (5 marks) 
b the natural length of the string. (3 marks) 
First take moments about P. 


> Statistics and Mechanics Year 2, Chapter 4 


A light elastic string AB has natural length / and modulus of elasticity 2mg. Another light 
elastic string CD has natural length / and modulus of elasticity 4mg. The strings are joined at 
their ends B and C and the end 4 is attached to a fixed point. A particle of mass m is hung 
from the end D and is at rest in equilibrium. Find the length AD. (7 marks) 


An elastic string PA has natural length 0.5 m and modulus of elasticity 9.8 N. The string PB 
is inextensible. The end 4 of the elastic string and the end B of the inextensible string are 
attached to two fixed points which are on the same horizontal level. The end P of each string 
is attached to a 2kg particle. The particle hangs in equilibrium below AB, with PA making an 
angle of 30° with AB and PA perpendicular to PB. Find: 


a the length of PA (7 marks) 
b the length of PB (2 marks) 
¢ the tension in PB. (2 marks) 


A particle of mass 2 kg is attached to one end P of a light elastic string PQ of modulus of 
elasticity 20 N and natural length 0.8 m. The end Q of the string is attached to a point ona 
rough plane which is inclined at an angle a to the horizontal, where tana = 3 The coefficient of 
friction between the particle and the plane is 4 The particle rests in limiting equilibrium, on the 
point of sliding down the plane, with PQ along a line of greatest slope. Find: 

a the tension in the string (5 marks) 
b the length of the string. (2 marks) 
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3.2) Hooke’s law and dynamics problems 


a the initial acceleration of the particle 


a A 
05m 


A 


Byou can use Hooke’s law to solve dynamics problems involving elastic strings or springs. 


One end of a light elastic string, of natural length 0.5m and modulus of elasticity 20 N, 
is attached to a fixed point A. The other end of the string is attached to a particle of mass 2 kg. 
The particle is held at a point which is 1.5m below A and released from rest. Find: 


b the length of the string when the particle reaches its maximum speed. 


Problem-solving 


Draw a diagram showing all the forces and the 
acceleration of the particle. Note that, although 
the particle is (instantaneously) at rest, it has an 
upward acceleration. 


2g 
() T- 2g = 2a 
20 x1 
P= 
lols} 
=40N 


so, 40 - 19.6 = 2a 


it stops accelerating, that is when its 
acceleration is zero. 


Nera Substitute 
b Particle reaches its maximum speed when 


t Watch out ) Remember that the condition 


for maximum velocity or speed is oe 0, that is 


the acceleration = 0. A common misconception 
is to think the particle reaches maximum speed 
when the elastic goes slack (i.e. when there is no 
tension in the spring). 


So the length of the string is 


Elastic strings and springs 


p A particle of mass 0.5 kg is attached to one end of a light elastic spring of natural length 1.5m and 
modulus of elasticity 19.6 N. The other end of the spring is attached to a fixed point O on a rough 
plane which is inclined to the horizontal at an angle a, where tan a = 2 The coefficient of friction 
between the particle and the plane is 0.2. The particle is held at rest on the plane at a point which is 
1m from O down a line of greatest slope of the plane. The particle is released from rest and moves 


down the slope. Find its initial acceleration. 
{ ontine ) Explore Hooke's law in dynamics ep 
problems using GeoGebra. 


Problem-solving 


Draw a diagram showing all four forces acting on 

the particle and the acceleration. Note that, since 

the spring is compressed, it produces a thrust, 

lL aSallies T, which acts down the plane. You can still apply 
OSs Hooke’s law in this situation. 


_ 196 x05 


a 


1S 


2196 
asa 


(\) R = O.5gcosa 
=49x2 
= 3,92N 
50, F=0,2 x 3.92 
= 0,784N 
(7) O5gsine+ T-F=05a 


(49 x2) +38 -0764=05a 


2.94 + 6.533 - 0.764 =0.5a 
17.37... =a 


Initial acceleration is 17 ms~? (2 s.f.) 


1 A particle of mass 4 kg is attached to one end P of a light elastic spring PQ, of natural length 
0.5m and modulus of elasticity 40 N. The spring rests on a smooth horizontal plane with the end 
Q fixed. The particle is held at rest and then released. Find the initial acceleration of the particle 
a if PQ=0.8m initially 
b if PO= 


.4 m initially. 


4 


a 
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2 A particle of mass 0.4 kg is fixed to one end A of a light elastic spring AB, of natural length 
= 0.8m and modulus of elasticity 20 N. The other end B of the spring is attached to a fixed point. 
The particle hangs in equilibrium. It is then pulled vertically downwards through a distance 
0.2m and released from rest. Find the initial acceleration of the particle. (4 marks) 


©)3 4. 0.6m >B 


0.5m 0.5m 
P 


A particle P of mass 2 kg is attached to the midpoint of a light elastic string, of natural length 
0.4m and modulus of elasticity 20 N. The ends of the elastic string are attached to two fixed 
points A and B which are on the same horizontal level, with 4B = 0.6m. The particle is held in 
the position shown, with AP = BP = 0.5m, and released from rest. Find the initial acceleration 
of the particle and state its direction. (5 marks) 


4 A particle of mass 2 kg is attached to one end P of a light elastic spring. The other end Q of 

the spring is attached to a fixed point O. The spring has natural length 1.5m and modulus of 
elasticity 40 N. The particle is held at a point which is 1 m vertically above O and released from 
rest. Find the initial acceleration of the particle, stating its magnitude and direction. (5 marks) 


5 A particle of mass | kg is attached to one end of a light elastic spring of natural length 1.6m 
and modulus of elasticity 21.5 N. The other end of the spring is attached to a fixed point O ona 
rough plane which is inclined to the horizontal at an angle a where tan a = +. The coefficient of 
friction between the particle and the plane is }. The particle is held at rest on the plane at a point 
which is 1.2m from O down a line of greatest slope of the plane. The particle is released from 
rest and moves down the slope. 

a Find its initial acceleration. (6 marks) 


b Without doing any further calculation, state how your answer to part a would change if the 
coefficient of friction between the particle and the plane was greater than oa (1 mark) 


Challenge 


Two light elastic strings each have natural length / and modulus of elasticity A. 
A particle P of mass 3 kg is attached to one end of each string. The other ends of the 
strings are attached to fixed points A and B, where ABis horizontal and AB = 2x m. 


The particle is held at a point x m below the midpoint of AB and released from rest. 
The initial acceleration of the particle is g ms? 


3v2; 
a Show that when the particle is released the tension, 7; in each string is = N. 


b Given that at the point the particle is released, each string has extended by ; of its 
natural length, find the modulus of elasticity for each string. 
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Elastic strings and springs 


& Elastic energy 


p You can find the energy stored in an elastic string or spring. 


You can draw a force-distance diagram to show the extension x in an elastic string as a gradually 
increasing force is applied. The area under the force-distance graph is the work done in stretching 
the elastic string. 


Ais the modulus of elasticity of the 
string and /is its natural length. 


Applied force, 7 


Extension, s 


The applied force is always equal and opposite to the tension in the elastic string, 7. This value 
increases as the string stretches. 


Using the formula for the area of a triangle: Using integration: 


Area = tx(4*) Area caf Tds 
iD 0 
a 


_ae a] a 
“2 ae er 


= The work done in stretching an elastic string or spring a" A 
of modulus of elasticity 4 from its natural length CEE eee G Ste Soe 


[to a length (/+ x) is x. limit of the string or spring. 


When A is measured in newtons and x and / are measured in metres, the work done is in joules (J). 
When a stretched string is released it will ‘ping’ back to its natural length. In its stretched position it 
has the potential to do work, or elastic potential energy (this is also called elastic energy). 


= The elastic potential energy (E.P.E.) stored ina This is an application of the 
stretched string or spring is exactly equal to the work-energy principle. « Section 2.3 


amount of work done to stretch the string or spring. 
= The E.P.E. stored in an elastic string or spring of modulus of elasticity 4 which has been 
stretched from its natural length | to a length (/+ x) is ar. 


You can apply the same formulae for work done and elastic potential energy when an elastic string or 
spring is compressed. 
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p An elastic string has natural length 1.4m and modulus of elasticity 6 N. Find the energy stored in 
the string when its length is 1.6m. 


6 x 0.2? 
a eats telgnene-taee 


= 0.0857 J (3 s.f.) 


A light elastic spring has natural length 0.6 m and modulus of elasticity 10 N. Find the work done 
in compressing the spring from a length of 0.5m to a length of 0.3m. 


Work done in we Energy stored when Energy stored when 
compression — length is 0.3m length is 0.5m 
~ 10x03? 10 x O17 


2x06 2x06 
= 19 (03 - 01) 


= 23 (0.3 + O.1)(0.3 - 0.1) 


5 
CHEEDD - crnen errs se 


BS: 

=>x 04x 02 - 
3 10%(03=04F shichisnot thesame, 
2 2x 0.6 

=5J 


Exe: 


1 Anelastic spring has natural length 0.6m and modulus of elasticity 8 N. Find the work done 
when the spring is stretched from its natural length to a length of 1 m. 


2 Anelastic spring, of natural length 0.8 m and modulus of elasticity 4 N, is compressed to a 
length of 0.6m. Find the elastic potential energy stored in the spring. 


3 An elastic string has natural length 1.2m and modulus of elasticity 10 N. Find the work done 
when the string is stretched from a length of 1.5m to a length 1.8m. 


4 Anelastic spring has natural length 0.7m and modulus of elasticity 20 N. Find the work done 
when the spring is stretched from a length 
a 0.7mto0.9m . 
b 0.8mto 1.0m ULL Note that your answers 
toa, b and care all different. 


e 1.2mtol4m 
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Elastic strings and springs 


5 A light elastic spring has natural length 1.2m and modulus of elasticity 10 N. One end of the 
spring is attached to a fixed point. A particle of mass 2 kg is attached to the other end and hangs 
in equilibrium. Find the energy stored in the spring. (3 marks) 


6 An elastic string has natural length a. One end is fixed. A particle of mass 2m is attached to the 
free end and hangs in equilibrium, with the length of the string 3a. Find the elastic potential 
energy stored in the string. (3 marks) 


€®7 


P 3 mg 


oO 


A particle P of mass m is attached to one end of a light elastic string, of natural length a and 
modulus of elasticity 2mg. The other end of the string is attached to a fixed point O. 


The particle P is held in equilibrium by a horizontal force of magnitude img applied to P. 
This force acts in the vertical plane containing the string, as shown in the diagram. 


Find: 
a the tension in the string (5 marks) 
b the elastic energy stored in the string. (4 marks) 


[ 3.4 ) Problems involving elastic energy 


You can solve problems involving elastic energy using the principle of conservation of mechanical 
energy and the work-energy principle. 


= When no external forces (other than gravity) act aR 7 
ona particle, then the sum of its kinetic energy, Eins) We elec) lesen eh 


gravitational potential energy and elastic potential 
energy remains constant. 


the principle of conservation of 
mechanical energy. € Section 2.3 


If a particle which is attached to an elastic spring or string is subject to a resistance as it moves, you 
will need to apply the work-energy principle. 


Example 


A light elastic string, of natural length 1.6m and modulus of elasticity 10 N, has one end fixed at 
a point A on a smooth horizontal table. A particle of mass 2 kg is attached to the other end of the 
string. The particle is held at the point 4 and projected horizontally along the table with speed 
2ms"!. Find how far it travels before first coming to instantaneous rest. 
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2ms" Oms? 
—> — 


A «<———1.6 + x ——> 

Suppose that the extension of the string 
when the particle comes to rest is x. 

KE. lost by the particle = E.PE. gained by the 


string 
— ee 


It is important to realise that in the example above, the particle is not in equilibrium when it comes to 
instantaneous rest and so you cannot use forces to solve this type of problem. The particle in fact has 
an acceleration and will immediately ‘spring’ back towards A. 


A particle of mass 0.5 kg is attached to one end of an elastic string, of natural length 2m and 
modulus of elasticity 19.6 N. The other end of the elastic string is attached to a point O. The 
particle is released from the point O. Find the greatest distance it will reach below O. 


113,..= x 


Total distance travelled is 2.73 m (3 s.f) 


. 7 ee 
2m 
x 
yo mst 
PE. lost by particle = E.PE. gained by string — 
Ax? 
igh = 7 
osg(2 +x) = 2S 
2+x= x? 
O=x*-x-2 
O=(x-2)(x +1) Problem-solving 
x=2or-1 xis the extension in the string so it must be 
Hence greatest distance reached below O is positive. Ignore the negative solution, and 
4m. remember to add the natural length of the string. 
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Elastic strings and springs 


p A light elastic spring, of natural length 1 m and modulus of elasticity 10 N, has one end attached 
to a fixed point A. A particle of mass 2 kg is attached to the other end of the spring and is held at 
a point B which is 0.8 m vertically below A. The particle is projected vertically downwards from B 


with speed 2ms~!. Find the distance it travels 


Let the extension of the spring be x when the 
particle comes to rest. 


before first coming to rest. 


Problem-solving 


You will need to use the principle of conservation 
of mechanical energy with kinetic energy, 
gravitational potential energy and elastic 
potential energy. 


KE. loss + PE. loss = E.PE. gain 


: , 
bx 2 x 224 29102 +3) 10% 10x02" | 
2 2 
443.92 + 19.6x = 5x? - 0.2 
O = 5x? - 19.6x - 8.12 
sie 19.6 +/19.62 + (4x5 . 


10 
_ 19.6 423.37... 
7 10 
x = 4,298... or -0.376... 


Distance travelled = 4.298... + 0.2 
= 4496... 
=4.5m (2 sf) 


f 


Example 


A light elastic spring, of natural length 0.5m and modulus of elasticity 10 N, has one end attached 
to a point A ona rough horizontal plane. The other end is attached to a particle P of mass 0.8 kg. 
The coefficient of friction between the particle and the plane is 0.4. The particle initially lies on the 
plane with AP = 0.5 m and is then projected with speed 2m s~! away from A along the plane. Find 
the distance moved by P before it first comes to rest. 


Chapter 3 
B osm 
Viel 
—>2ms' 


SOOOTTTTTTSSSTOTTTD 
R Problem-solving 


04 As it slides, P will be moving against friction, .R, 
aR from the plane. 


08g 
(1) R= 0.8g 
Friction = 0.4 x 0.8g 
= 0.32¢ 
work done against friction = overall loss in 
energy 
work done __ KE. loss E.PE. gain 
against friction of P of spring 
aod Bap HORE 
O.32gx = 5 x 0.8 x 2 2x OS 


10x? + O.32gx - 1.6 =O 


_ -0.32¢ +/(O.32g" + 64 
. 20 
x = 0.2728... or -0.586... 


P moves a distance 0.27 m (2 sf) before 
coming to rest. 


Exe! 


® 1 Anelastic string, of natural length / and modulus of elasticity mg, has one end fixed to a point A 
on a smooth horizontal table. The other end is attached to a particle P of mass m. The particle is 
held at a point on the table with 4P = 3/ and is released. Find the speed of the particle when the 
string reaches its natural length. 


® 2 A particle of mass m is suspended from a fixed point O by a light elastic string, of natural length 
aand modulus of elasticity 4mg. The particle is pulled vertically downwards a distance d from its 
equilibrium position and released from rest. If the particle just reaches O, find d. 


3 A light elastic spring of natural length 2/ has its ends attached to two points P and Q which are at 
the same horizontal level. The length PQ is 2/. A particle of mass m is fastened to the midpoint of 
the spring and is held at the midpoint of PQ. The particle is released from rest and first comes to 
instantaneous rest when both parts of the spring make an angle of 60° with the line PQ. 
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a Find the modulus of elasticity of the spring. (6 marks) 
b Suggest one way in which the model could be refined to make it more realistic. (1 mark) 


A light elastic string, of natural length 1 m and modulus of elasticity 21.6 N, has one end 
attached to a fixed point O. A particle of mass 2 kg is attached to the other end. The particle is 
held at a point which is 3 m vertically below O and released from rest. Find: 

a the speed of the particle when the string first becomes slack (5 marks) 
b the distance from O when the particle first comes to rest. (3 marks) 


A particle P is attached to one end of a light elastic string of natural length a. The other end of 
the string is attached to a fixed point O. When P hangs at rest in equilibrium, the distance 


OP is ae. The particle is now projected vertically downwards from O with speed U and first 


comes to instantaneous rest at a distance ie below O. Find U in terms of a and g. (7 marks) 


A particle P of mass | kg is attached to the midpoint of a light elastic string, of natural length 
3m and modulus 4 N. The ends of the string are attached to two points A and B on the same 
horizontal level with AB = 3 m. The particle is held at the midpoint of AB and released from rest. 
The particle falls vertically and comes to instantaneous rest at a point which is 1 m below the 
midpoint of AB. Find: 

a the value of A (5 marks) 


b the speed of P when it is 0.5 m below the initial position. (5 marks) 


A light elastic string of natural length 2m and modulus of elasticity 117.6 N has one end 
attached to a fixed point O. A particle P of mass 3 kg is attached to the other end. The particle is 
held at O and released from rest. 

a Find the distance fallen by P before it first comes to rest. (5 marks) 
b Find the greatest speed of P during the fall. (4 marks) 


Problem-solving 


P will be travelling at its greatest speed when the 
acceleration = 0. 


A particle P of mass 2kg is attached to one end of a light elastic string of natural length 1m 

and modulus of elasticity 40 N. The other end of the string is fixed to a point O on a rough 
plane which is inclined at an angle a, where tana = 3 The particle is held at O and released from 
rest. Given that P comes to rest after moving 2m down the plane, find the coefficient of friction 
between the particle and the plane. (4 marks) 


Challenge 


An elastic string of natural length /m is suspended from a fixed point O. 
When a mass of M kg is attached to the other end of the string, its extension 


is a m. An additional M kg is then attached to the end of the string. 


10 3Mgl 
Show that the work done in producing the additional extension is 5 J) 
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ed exercise (3) 


A 
1 A particle of mass m is supported by two light elastic strings, each of natural length a and 


15 
modulus of elasticity se. The other ends of the strings are attached to two fixed points A 


and B where A and B are in the same horizontal line with AB = 2a. When the particle hangs at 
rest in equilibrium below AB, each string makes an angle 6 with the vertical. 

a Verify that cos@ = 4. 

b How much work must be done to raise the particle to the midpoint of AB? 


2 A light elastic spring is such that a weight of magnitude W resting on the spring produces a 
compression a. The weight W is allowed to fall onto the spring from a height of %e above it. 


Find the maximum compression of the spring in the subsequent motion. 


3 A light elastic string of natural length 0.5 m is stretched between two points P and Q ona 
smooth horizontal table. The distance PQ is 0.75 m and the tension in the string is 15 N. 


a Find the modulus of elasticity of the string. 


A particle of mass 0.5 kg is attached to the midpoint of the string. The particle is pulled 0.1 m 
towards Q and released from rest. 
b Find the speed of the particle as it passes through the midpoint of PQ. 


® 4 A particle of mass m is attached to two strings AP and BP. The points A and B are on the 


same horizontal level and AB = a 


The string AP is inextensible and AP = 4 


The string BP is elastic and BP = a. 
Sha 


The modulus of elasticity of BP is 2. Show that the natural length of BP is =———— 
3mg + 52 


® 5 A light elastic string, of natural length a and modulus of elasticity Smg, has one end attached to 
the base of a vertical wall. The other end of the string is attached to a small ball of mass m. 


The ball is held at a distance Me from the wall, on a rough horizontal plane, and released from rest. 


The coefficient of friction between the ball and the plane is £ 
a Find, in terms of a and g, the speed V of the ball as it hits the wall. 


The ball rebounds from the wall with speed y The string stays slack, 


b Find the distance from the wall at which the ball comes to rest. 
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6 A light elastic string has natural length / and modulus 2mg. One end of the string is attached to a 
particle P of mass m. The other end is attached to a fixed point C on a rough horizontal plane. 


Initially P is at rest at a point D on the plane where CD = ¥ 


a Given that P is in limiting equilibrium, find the coefficient of friction between P and the plane. 


(5 marks) 
The particle P is now moved away from C to a point E on the plane where CE = 2/. 
b Find the speed of P when the string returns to its natural length. (5 marks) 
¢ Find the total distance moved by P before it comes to rest. (4 marks) 


7 A light elastic string of natural length 0.2 m has its ends attached to two fixed points A and B 
which are on the same horizontal level with AB = 0.2m. A particle of mass 5 kg is attached to 
the string at the point P where AP = 0.15 m. The system is released and P hangs in equilibrium 
below AB with 7A PB = 90°, 


a If 2BAP = 90, show that the ratio of the extension of AP and BP is 


4cos 0-3 

4sind— 1 (marks) 
b Hence show that 

cos @ (4cos @ — 3) = 3sind (4sin@ - 1). (4 marks) 


8 A particle of mass 3 kg is attached to one end of a light elastic string, of natural length 1m 
and modulus of elasticity 14.7 N. The other end of the string is attached to a fixed point. 
The particle is held in equilibrium by a horizontal force of magnitude 9.8 N with the string 
inclined to the vertical at an angle 6. 
a Find the value of 0. (3 marks) 
b Find the extension of the string. (3 marks) 


¢ If the horizontal force is removed, find the magnitude of the least force that will keep the 
string inclined at the same angle. (2 marks) 


9 Two points A and B are on the same horizontal level with 4B = 3a. A particle P of mass m is 
joined to A by a light inextensible string of length 4a and is joined to B by a light elastic 


string, of natural length a and modulus of elasticity a The particle P is held at a point C, 

such that BC = a and both strings are taut. The particle P is released from rest. 

a Show that when AP is vertical the speed of P is 2Vga. (6 marks) 
b Find the tension in the elastic string in this position. (4 marks) 
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Challenge 


A] A bungee jumper attaches one end of an elastic rope to both ankles. 


58 


The other end is attached to the platform on which he stands. 


The bungee jumper is modelled as a particle of mass mkg attached to 
an elastic string of natural length /m with modulus of elasticity 4 N. 


a Show that the maximum distance the jumper descends after 
ii 
jumping off the platform is /+ k + V2k/ + k* where k == 


b Suggest a refinement to this model that would result in: 


i agreater maximum descent 
ii_a smaller maximum descent. 


Summary of key points 


1 When an elastic string or spring is stretched, the tension, 7, produced is proportional to the 


extension, x. 

+Tax 

* T=kx, where kis a constant 

The constant k depends on the unstretched length of the spring or string, /, and the modulus 


of elasticity of the string or spring, A. 


«T= 


t 
This relationship is called Hooke’s law. 


The area under a force-distance graph is the work done in stretching an elastic string or spring. 
The work done in stretching or compressing an elastic string or spring with modulus of elasticity 
Ax? 

al” 
When A is measured in newtons and x and / are measured in metres, the work done is in joules (J). 


4 from its natural length, / to a length (/ + x) is 


The elastic potential energy (E.P.E) stored in a stretched string or spring is exactly equal to 
the amount of work done to stretch the string or spring. 


The E.PE. stored in a string or spring of modulus of elasticity 2 which has been stretched from 
its natural length /, to a length (/+ x) is x 
When no external forces (other than gravity) act on a particle, then the sum of its kinetic 
energy, gravitational potential energy and elastic potential energy remains constant. 


Review exercise 


A ball of mass 0.3 kg is released at rest 
from a point at a height of 10m above 
horizontal ground. After hitting the 
ground the ball rebounds to a height of 
2.5m. 


Calculate the magnitude of the impulse 
exerted by the ground on the ball. (4) 


Section 1.1 


A toy racing car of mass 250g is 
travelling on a smooth horizontal surface 
with momentum 2Ns. At point A it 
passes onto a rough horizontal surface 
where the coefficient of friction p = 0.2. 
a Modelling the car as a particle, find, 
to the nearest metre, the distance 
taken for the racing car to come to a 
complete stop. (6) 
b In reality the car stops in a shorter 
distance. Suggest one reason for this. 
qa) 


Section 1.1 


Two particles A and B have masses 0.4kg 
and 0.3 kg respectively. They are moving 
in opposite directions on a smooth 
horizontal table and collide directly. 
Immediately before the collision, the 
speed of A is 6ms“! and the speed of B 

is 2ms"'. Asa result of the collision, the 

direction of motion of B is reversed and 

its speed immediately after the collision is 
3ms"!. Find: 

a the speed of A immediately after the 
collision, stating clearly whether the 
direction of motion of A is changed by 
the collision (3) 


GP) 4 


@ 5 


b the magnitude of the impulse exerted 
on B in the collision, stating clearly the 
units in which your answer is given. (3) 

€ Sections 1.1, 1.2 


A railway truck S of mass 2000kg 
is travelling due east along a straight 
horizontal track with constant speed 
12ms“'. The truck S collides with a truck 
T which is travelling due west along the 
same track as S with constant speed 
6ms"!. The magnitude of the impulse of 
T on S is 28800Ns. 
a Calculate the speed of S immediately 
after the collision. (2) 
b State whether or not the motion of Sis 
changed by the collision. () 
Given that, immediately after the collision, 
the speed of Tis 3.6ms", and that Tand 
S are moving in opposite directions, 
¢ calculate the mass of T. (3) 


© Sections 1.1, 1.2 


Two particles A and B, of masses 0.5kg 

and 0.4kg respectively, are travelling 

in the same straight line on a smooth 

horizontal table. Particle A, moving with 

speed 3ms*', strikes particle B, which 

is moving with speed 2ms“ in the same 

direction. After the collision A and B 

are moving in the same direction and the 

speed of Bis 0.8ms" greater than the 

speed of A. 

a Find the speed of A and the speed of B 
after the collision. (5) 

b Show that A loses momentum 0.4.Ns 
in the collision. (3) 


59 


Review exercise 1 


Particle B later hits an obstacle on the 
table and rebounds in the opposite 
direction with speed 1 ms-!. 


c Find the magnitude of the impulse 


¢ the kinetic energy lost by the ball in 
the impact. 


(4) 


© Sections 1.3, 2.2 


received by B in this second impact. (3) 9 A particle P of mass 0.75kg is moving 


Sections 1.1, 1.2 


6 Two particles A and B, of masses 3kg 
and 2kg respectively, are moving in the 
same direction on a smooth horizontal 
table when they collide directly. 
Immediately before the collision, the 
speed of A is 4ms™' and the speed of B 
is 1.5msq'. In the collision, the particles 
join to form a single particle C. 

Find the speed of C immediately after the 
collision. (3) 


Sections 1.1, 1.2 


7 Two particles P and Q have masses 
3kg and mkg respectively. They are 
moving towards each other in opposite 
directions on a smooth horizontal table. 
Each particle has speed 4ms~', when 
they collide directly. In this collision, the 
direction of motion of each particle is 
reversed. The speed of P immediately 
after the collision is 2ms*' and the speed 
of Qis lms". 
Find: 
a the value of m (3) 

b the magnitude of the impulse exerted 
on Q in the collision. (2) 


8 In this question i and j are perpendicular 
unit vectors in a horizontal plane. 
A ball has a mass 0.2kg. It is moving with 
velocity 30ims* when it is struck by a 
bat. The bat exerts an impulse of 
(—4i + 4j) Ns on the ball. Find: 


a the velocity of the ball immediately 


after the impact (3) 
b the angle through which the ball is 
deflected as a result of the impact (2) 
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11 
€ Sections 1.1, 1.2 © 


under the action of a single force 
F newtons. At time ¢ seconds, the velocity 
vms" of P is given by 
v=(0°+2)i- 64) 

a Find the magnitude of F when 1 = 4.(5) 
When 1 = 5, the particle P receives an 
impulse of magnitude 9y2 Ns in the 
direction of the vector i —j. 
b Find the velocity of P immediately 

after the impulse. (4) 


€ Section 1.3 


A tennis ball of mass 0.2kg is moving 

with velocity -10ims~! when it is struck 

by a tennis racket. Immediately after 

being struck, the ball has velocity 

(15i+ 15j)ms“. Find: 

a the magnitude of the impulse exerted 
by the racket on the ball (4) 

b the angle, to the nearest degree, 
between the vector i and the impulse 


exerted by the racket (2) 
c the kinetic energy gained by the ball 
as a result of being struck. (2) 


€ Sections 1,3, 2.2 


At time ¢ seconds the acceleration, ams”, 

of a particle P relative to a fixed origin O, 

is given by a = 2i + @j. Initially the velocity 

of P is (2i-4j)ms". 

a Find the velocity of P at time ¢ 
seconds. (3) 

At time ¢ = 2 seconds the particle P is 

given an impulse (3i — 1.5j) Ns. 

Given that the particle P has mass 0.5kg, 


b find the speed of P immediately after 
the impulse has been applied. (6) 
Section 1.3 


Review exercise 1 


® 2 


A rough plane is inclined at an angle of 5° 
to the horizontal. A sled of mass 1250kg 
is pushed up a line of greatest slope of the 
plane. The coefficient of friction between 
the sled and the plane is 0.05. 
a Find the magnitude of the frictional 
force acting on the sled. (5) 
The sled moves a total distance of 750m, 
as measured along the line of greatest 
slope of the plane. Find: 
b the work done against friction (3) 
¢ the work done against gravity. (4) 
€ Section 2.1 


Awinch pulls a sled of mass 1000kg, a 
distance of 25m up the line of greatest 
slope of a ramp. Given that the work done 
against gravity by the winch is 19.6kJ, 
show that the slope is inclined at an angle 
of arcsin( 3) to the horizontal. (5) 


Section 2.1 


A tock of mass 4kg is dropped from rest 
at the top of a cliff. It falls 40m vertically 
down before hitting the surface of the sea. 


a Modelling the rock as a particle falling 
freely under gravity, find its kinetic 
energy when it hits the surface of the 
sea. (2) 

In reality the falling rock will be subject to 

air resistance which will oppose its motion. 

b Without further calculation, state how 
this will affect the kinetic energy of 
the rock when it hits the surface of the 
water. (1) 


Section 2.2 


A cable car of mass 200kg moves along 
a section of cable which can be modelled 
as a straight line inclined at 30° above 
the horizontal. As the cable car moves up 
the cable for 200m its speed reduces from 
2ms" to 1.5ms"'. Calculate: 


a the loss in kinetic energy of the cable 
car (4) 


b the gain in potential energy of the 
cable car. (4) 


© Section 2.2 


A particle P of mass 2 kg is projected 
from a point A up a line of greatest slope 
AB of a fixed plane. The plane is inclined 
at an angle of 30° to the horizontal and 
AB=3m with B above A, as shown in the 
figure. The speed of P at A is 10ms"'. 
a Assuming the plane is smooth, find the 
speed of P at B. (4) 
The plane is now assumed to be rough. 
At A the speed of P is 10ms"! and at B 
the speed of P is 7ms"'. 
b By using the work-energy principle, 
or otherwise, find the coefficient of 
friction between Pand the plane. (5) 


© Section 2.3 


A small package is modelled as a particle 
P of mass 0.6kg. The package slides down 
a rough plane from a point S to a point T, 
where ST = 12m. The plane is inclined at 
30° to the horizontal and ST is a line of 
greatest slope of the plane, as shown in the 
figure. The speed of P at Sis 10ms"' and 
the speed of P at Tis 9ms"'. Calculate: 

a the total loss of energy of P in moving 


from S to T (4) 

b the coefficient of friction between 
P and the plane. (5) 
Section 2.3 
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18 A particle P has mass 4kg. It is projected 
from a point A up a line of greatest slope 
of a rough plane inclined at an angle a 
to the horizontal, where tana = 3 The 
coefficient of friction between P and 
the plane is 2 The particle comes to rest 
instantaneously at the point B on the 
plane, where AB = 2.5m. It then moves 
back down the plane to A. 


a Find the work done by friction as P 
moves from A to B. 


b Using the work-energy principle, find 
the speed with which P is projected 


from A. (4) 
¢ Find the speed of P when it returns 
to A. (4) 


Section 2.3 


AN) BQm) 


Two particles A and B of masses m and 
2m respectively are attached to the ends 
of a light inextensible string. The particle 
A lies on a rough plane inclined at an 
angle a to the horizontal, where tana = 2 


The string passes over a small light pulley 


P fixed at the top of the plane. The 
particle B hangs freely below P, as shown 
in the figure. The particles are released 
from rest with the string taut and the 
section of the string from A to P parallel 
to a line of greatest slope of the plane. 
The coefficient of friction between A and 
the plane is a When each particle has 


moved a distance h, B has not reached the 


ground and A has not reached P. 


a Find an expression for the potential 
energy lost by the system when each 
particle has moved a distance h. 


When each particle has moved a distance 
h, they are moving with speed v. 
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(4) 


(2) 


© 21 


b Using the work-energy principle, 
find an expression for v*, giving your 
answer in the form kgh where k is a 
number. (5) 


Section 2.3 


Acar of mass 1000kg is towing a trailer of 
mass 1500kg along a straight horizontal 
road. The tow-bar joining the car to the 
trailer is modelled as a light rod parallel to 
the road. The total resistance to motion 

of the car is modelled as having constant 
magnitude 750N. The total resistance to 
motion of the trailer is modelled as a force 
of magnitude R newtons, where R is a 
constant. When the engine is working at a 
rate of S0kW, the car and the trailer travel 
at a constant speed of 25ms"!. 

a Show that R = 1250. (3) 
When travelling at 25ms"' the driver of 
the car disengages the engine and applies 
the brakes. The brakes provide a constant 
braking force of magnitude 1500N to 

the car. The resisting forces of magnitude 
750. and 1250N are assumed to remain 
unchanged. Calculate: 


b the deceleration of the car while 


braking (3) 
¢ the thrust in the tow-bar while 
braking (2) 


d_ the work done, in kJ, by the braking 
force in bringing the car and the trailer 
to rest. (4) 


e Suggest how the modelling assumption 
that the resistances to motion are 
constant could be refined to be more 
realistic. (63) 

© Section 2.4 


Acar of mass 1000kg is moving 

along a straight road with constant 
acceleration a ms~. The resistance to 
motion is modelled as a constant force 
of magnitude 1200 N. When the car is 
travelling at 12ms"', the power generated 
by the engine of the car is 24kW. 


Review exercise 1 


a Calculate the value of a. (4) 
When the car is travelling at 14ms"', the 
engine is switched off and the car comes 
to rest without braking in a distance 

d metres. 

b Assuming the same model for 
resistance, use the work—energy 
principle to calculate the value of d. (3) 

¢ Give a reason why the model used for 
resistance may not be realistic. (1) 


€ Sections 2.3, 2.4 


The figure shows the path taken by a 

cyclist in travelling on a section of a road. 

When the cyclist comes to the point A 

on the top of the hill she is travelling at 

8ms"'. She descends a vertical distance 

of 20m to the bottom of the hill. The 

road then rises to the point B through 

a vertical distance of 12m. When she 

reaches B her speed is Sms~'. The total 

mass of the cyclist and the bicycle is 80 

kg and the total distance along the road 

from A to B is 500m. By modelling the 

resistance to the motion of the cyclist as 

of constant magnitude 20 N, 

a find the work done by the cyclist in 
moving from A to B. 

At B the road is horizontal. 

b Given that at B the cyclist is 


accelerating at 0.5ms~, find the power 
generated by the cyclist at B. (4) 


© Sections 2.3, 2.4 


(5) 


Acar of mass 400kg is moving up a 
straight road inclined at an angle 6 to 
the horizontal where sin @ = i The 
resistance to motion of the car from 
non-gravitational forces is modelled as a 
constant force of magnitude R newtons. 


© 2 
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When the car is moving at a constant 
speed of 20ms"', the power developed by 
the car’s engine is 1OkW. 


Find the value of R. (5) 


© Section 2.4 


A lorry of mass 1500 kg moves along a 
straight horizontal road. The resistance to 
motion of the lorry has magnitude 750N 
and the lorry’s engine is working at a rate 
of 36kW. 
a Find the acceleration of the lorry when 
its speed is 20ms. (4) 
The lorry comes to a hill inclined at an 
angle a to the horizontal, where sina = oT 
The magnitude of the resistance to 
motion from non-gravitational forces 
remains 750N. 
The lorry moves up the hill at a constant 
speed of 20ms". 
b Find the rate at which the lorry is now 
working. (3) 


© Section 2.4 


Acar of mass 1200kg moves along a 
straight horizontal road. The resistance to 
motion of the car from non-gravitational 
forces is of constant magnitude 600 N. 
The car moves with constant speed and 
the engine of the car is working at a rate 
of 21kW. 


a Find the speed of the car. (2) 

The car moves up a hill inclined at an 

angle a to the horizontal, where 

sina = + 

The car’s engine continues to work at 

21kW and the resistance to motion 

from non-gravitational forces remains of 

magnitude 600 N. 

b Find the constant speed at which the 
car moves up the hill. (4) 


© Section 2.4 
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Acar of mass 1000kg is moving along a 
straight horizontal road. The resistance to 
motion is modelled as a constant force of 
magnitude R newtons. The engine of the 
car is working at a constant rate of 12kW. 
When the car is moving with speed 15ms"', 
the acceleration of the car is 0.2ms~. 

a Show that R = 600. (4) 
The car now moves with constant speed 
Ums" downhill on a straight road 
inclined at @ to the horizontal, where 

sin @ = 39. The engine of the car is now 
working at a rate of 7kW. The resistance 
to motion from non-gravitational forces 
remains of magnitude R newtons. 
b Calculate the value of U. 


(5) 


Section 2.4 


A motorcycle of mass 600kg moves 
along a straight road at a speed of yms™. 
The total resistances to motion of the 
motorcycle are modelled as a variable 
force of magnitude (500 + 2¥’)N. 
Calculate the power that must be 
generated by the motorcycle engine to 
maintain a constant speed of 15ms"! 


a when the road is horizontal (4) 
b when the road slopes downhill at an 
angle of 5° to the horizontal. (5) 


Section 2.4 


A van of mass 1500kg is driving up a 
straight road inclined at angle a to the 
horizontal, where sina = $. The resistance 
to motion due to non-gravitational 

forces is modelled as a variable force of 

magnitude (700 + 10v) N, where yms" is 

the speed of the van. 

a Given that initially the speed of the 
van is 30ms" and that the van’s 
engine is working at a rate of 60kW, 
calculate the magnitude of the initial 
deceleration of the van. (4) 

When travelling up the same hill, the 

rate of working of the van’s engine is 

increased to 80kW. 


e 


b Using the same model for the 
resistance due to non-gravitational 
forces, calculate in ms~! the maximum 
constant speed which can be sustained 
by the van at this rate of working. (5) 

Section 2.4 


B D 


A particle P is projected from a point A 
with speed ums"! at an angle of elevation 
6, where cos @ = a The point B, on 
horizontal ground, is vertically below A 
and AB = 45m. After projection, P moves 
freely under gravity, passing through 
a point C, 30m above the horizontal 
ground, before striking the ground at the 
point D, as shown in the figure above. 
Given that P passes through C with speed 
24.5ms", 
a_ using conservation of energy, or 
otherwise, show that w= 17.5 
b find the size of the angle which the 
velocity of P makes with the horizontal 
as P passes through C (7) 
¢ find the distance BD. (3) 
Section 2.3 


(4) 


In a ski jumping competition, a skier of 
mass 80kg moves from rest at a point A 
on a ski slope. The skier’s path is an arc 
AB. The starting point A of the slope is 
32.5m above horizontal ground. The end 
B of the slope is 8.1 m above the ground. 
When the skier reaches B she is travelling 


Review exercise 1 
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at 20ms" and moving upwards at an 
angle a to the horizontal, where tana = 3 
as shown in the figure. The distance 
along the slope from A to B is 60m. The 
resistance to motion while she is on the 
slope is modelled as a force of constant 
magnitude R newtons. 
a By using the work—energy principle, 
find the value of R. (5) 
On reaching B, the skier then moves 
through the air and reaches the ground 
at the point C. The motion of the skier in 
moving from B to C is modelled as that 
of a particle moving freely under gravity. 
b Find the time the skier takes to move 


from B to C. (5) 
¢ Find the horizontal distance from B 
to C. (2) 


d Find the speed of the skier 
immediately before she reaches C. (4) 
Section 2.3 


A particle P lies in equilibrium on 

a horizontal smooth surface, and is 
attached to points A and B on the 

same surface by means of two springs. 
Spring AP has natural length 0.8m and 
modulus of elasticity 24 N, and spring 

PB has natural length 0.4m and modulus 
of elasticity 20 N. Given that APR isa 
straight line and that the distance AB is 
1.6m, find: 

a the distance AP (6) 
b the tension in each spring. (2) 


Section 3.1 


The elastic springs AB and BC are joined 
at B to form one long spring. The ends 

of the long spring are attached to two 
fixed points 4m apart. The spring AB 

has natural length 1.5m and modulus 

of elasticity 20 N, and the spring BC has 
natural length 0.75m and modulus of 
elasticity 15N. 

Find the lengths AB and BC. (8) 


Section 3.1 
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120cm 


A particle of mass Skg is attached to 
one end of two light elastic strings. The 
other ends of the strings are attached to 
a hook on a beam. The particle hangs in 
equilibrium at a distance 120cm below 
the hook with both strings vertical, 

as shown in the figure. One string has 
natural length 100cm and modulus of 
elasticity 175 N. The other string has 
natural length 90cm and modulus of 
elasticity A newtons. 


Find the value of A. (5) 


© Section 3.1 


A B 


A rod AB, of mass 2m and length 2a, is 
suspended from a fixed point C by two 
light strings AC and BC. The rod rests 
horizontally in equilibrium with AC 
making an angle a with the rod, where 
tana= 3, and with AC perpendicular to 
BC, as shown in the figure. 


a Give a reason why the rod cannot be 


uniform. (1) 
b Show that the tension in BC is Sng 
and find the tension in AC. (5) 


The string BC is elastic, with natural 
length a and modulus of elasticity Amg, 
where k is a constant. 


¢ Find the value of k. (4) 


© Section 3.1 
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A particle of mass 0.8kg is attached 

to one end of a light elastic spring, 

of natural length 2m and modulus of 
elasticity 20 N. The other end of the 
spring is attached to a fixed point O on 

a smooth plane which is inclined at an 
angle a to the horizontal, where tana = 2 
The particle is held at a point which is 
1.6m down the line of greatest slope of 
the plane from O, as shown in the figure. 
The particle is then released from rest. 
Find the initial acceleration of the 
particle. (6) 


© Section 3.2 


P 


Two light elastic strings each have natural 
length a and modulus of elasticity A. 

A particle P of mass m is attached to one 
end of each string. The other ends of the 
string are attached to points A and B, 
where AB is horizontal and AB = 2a. The 
particle is held at the midpoint of AB and 
released from rest. It comes to rest for the 
first time in its subsequent motion when 
PA and PB make angles a with AB, where 
tana = % as shown in the figure. Find A in 
terms of mand g. (7) 


© Section 3.2 


One end of a light elastic string, of 
natural length 2m and modulus of 
elasticity 19.6N, is attached to a fixed 
point A. A small ball B of mass 0.5kg is 
attached to the other end of the string. 
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The ball is released from rest at A and 
first comes to instantaneous rest at the 
point C, vertically below A. 


a Find the distance AC. (6) 
b Find the instantaneous acceleration 
of Bat C. (3) 


Section 3.2 


A light elastic string AB of natural length 
1.5m has modulus of elasticity 20 N. The 
end A is fixed to a point on a smooth 
horizontal table. A small ball S of mass 
0.2kg is attached to the end B. Initially 
S is at rest on the table with AB = 1.5m. 
The ball S is then projected horizontally 
directly away from A with a speed of 
5ms"'. By modelling S as a particle, 
a find the speed of Swhen AS=2m. (5) 
When the speed of Sis 1.5ms"', the 
string breaks. 
b Find the tension in the string 
immediately before the string 
breaks. (5) 


€ Section 3.2 
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‘Pp 


A light elastic string, of natural length 
3/ and modulus of elasticity A, has ends 
attached to two points A and B where 
AB = 3land AB is horizontal. A particle 
P of mass m is attached to the midpoint 
of the string. Given that P rests in 
equilibrium at a distance 2/ below AB, as 
shown in the figure, 

15mg 

16 

The particle is pulled vertically 
downwards from its equilibrium position 
until the total length of the elastic string 
is 7.8/. The particle is released from rest. 


a show that A= 


(9) 
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b Show that P comes to instantaneous 
rest on the line AB. (6) 
€ Sections 3.2, 3.3 


40 One end of an elastic string of natural 


length /m and modulus of elasticity AN 
is fixed to a ceiling. A particle of mass 
mkg is attached to the free end and hangs 
in equilibrium. Show that the elastic 
potential energy stored by the string is 


meg 


given by za (5) 


© Section 3.3 


An elastic string has natural length 0.5m 
and modulus of elasticity 20 N. One end 
of the string is fixed. A particle of mass 
0.5kg is attached to the free end and 
hangs in equilibrium. The string is then 
stretched to a length of 1m. 

Calculate the work done in stretching the 
string. (6) 


Section 3.3 


P FN 


A particle of mass 0.8 kg is attached 

to one end of a light elastic string, of 
natural length 1.2m and modulus of 
elasticity 24N. The other end of the 
string is attached to a fixed point A. 

A horizontal force of magnitude F 
newtons is applied to P. The particle is 
in equilibrium with the string making an 
angle 60° with the downward vertical as 
shown in the figure. Calculate: 


a the value of F (3) 
b the extension of the string (3) 
¢ the elastic energy stored in the 

string. (2) 


Sections 3.3, 3.4 
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A particle P of mass m is attached to one 
end of a light elastic string, of natural 
length a and modulus of elasticity 3.6 mg. 
The other end of the string is fixed at a 
point O on a rough horizontal table. The 
particle is projected along the surface of 
the table from O with speed \2ag. At its 
furthest point from O, the particle is at 
the point A, where OA = 4a. 


a Find, in terms of m, g and a, the 
elastic energy stored in the string when 


Pisat A. (3) 
b Using the work—energy principle, 

or otherwise, find the coefficient of 

friction between P and the table. (6) 


Sections 3.3, 3.4 


A particle P of mass m is held at a point 
A ona rough horizontal plane. The 
coefficient of friction between P and the 
plane is 2. The particle is attached to one 
end of a light elastic string, of natural 
length a and modulus of elasticity 4mg. 
The other end of the string is attached to 
a fixed point O on the plane, where 

OA= 3a. The particle P is released from 
rest and comes to rest at a point B, where 
OB <a. 


Using the work—energy principle, or 
otherwise, calculate the distance AB. 


(6) 


© Sections 3.3, 3.4 


A particle of mass 5kg is attached to one 
end of a spring of natural length | m and 
modulus of elasticity 75 N. The other end 
of the spring is fixed to a point, P, ona 
smooth horizontal table. The particle is 
held 1.5m from P and then released. 


Show that the speed of the particle when 
the spring reaches its natural length is 


ica 
— ee 


(4) 
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A light elastic string, of natural length 
0.8m and modulus of elasticity 15N 

has one end attached to a fixed point P. 
A particle of mass 0.5kg is attached to 
the other end. The particle is held at a 
point which is 2m vertically below P and 
released from rest. Find the speed of the 
particle: 


a when the string first becomes slack (4) 
b when the particle reaches P. (2) 
© Section 3.4 


A light elastic string has natural length 
4m and modulus of elasticity 58.8 N. A 
particle P of mass 0.5 kg is attached to 
one end of the string. The other end of 
the string is attached to a fixed point A. 
The particle is released from rest at A and 
falls vertically. 


a Find the distance travelled by P before 
it comes to instantaneous rest for the 
first time. (7) 


The particle is now held at a point 7m 

vertically below A and released from rest. 

b Find the speed of the particle when the 
string first becomes slack. (5) 


© Section 3.4 


Two light elastic strings each have 
natural length 0.75m and modulus of 
elasticity 49 N. A particle P of mass 2kg 
is attached to one end of each string. The 
other ends of the strings are attached 

to fixed points A and B, where AB is 
horizontal and AB = 1.5m. 

The particle is held at the midpoint of 
AB. The particle is released from rest, as 
shown below. 


1.5m.—_—> 


Pp 
A ———— 2 


a Find the speed of P when it has fallen 
a distance of Im. (6) 


Given instead that P hangs in equilibrium 

vertically below the midpoint of AB with 

ZAPB = 2a, 

b show that tana + 5sina= 5. (6) 
Section 3.4 


Challenge 


1 The International Space Station (ISS) orbits the 


Earth at a height of 405km above sea level, and 
has a mass of 420000kg. 

A student estimates the work done in raising 
the ISS into orbit using the work-energy 
principle: 


mgh = 420000 x 9.8 x 405000 = 1,7 x 10" J 


a Explain why the model used by this student 
is not suitable, and state whether the actual 
value work done will be greater or less than 
the value calculated by the student. 


The force due to gravity, F, for an object of 
mass mkg a distance r m from the Earth's 
centre can be modelled using the formula 


F= (3.99 x 10") 
rr 


b Given that radius of the earth is 6380 km, 
show that according to this model the work 
done in raising the ISS to its orbital height is 
1.57 x 10%). Section 2.3 


a Using integration, show that the work done 
in stretching a light elastic string of natural 
length / and modulus of elasticity 2, from 


ert A Ka 
length | to length (/ + x) is rT 


b The same string is stretched from a length 
(/+ a) toa length (/+ 5) where b = a. Show 
that the work done is the product of the 
mean tension and the distance moved. 


€ Sections 2.3, 3.2 


One end of an elastic string of natural length 
0.8m and modulus of elasticity 120N, is fixed to 
a point P. A particle of mass 1.2kg is attached 
to the other end. The particle is initially held 

at rest at P and then released. Work out the 
distance the particle falls before it comes 
instantaneously to rest. © Section 3.4 


Elastic collisions 
in one dimension 


After completing this chapter you should be able to: 

@ Solve problems involving the direct impact of two particles 
by using the principle of conservation of momentum and 
Newton's law of restitution — pages 70-76 

@ Apply Newton’s law of restitution to problems involving 
the direct collision of a particle with a smooth plane 


surface — pages 76-79 
@ Find the change in energy due to an impact or the 

application of an impulse — pages 79-84 
@ Solve problems involving successive direct 

impacts — pages 84-91 


Prior knowledge check 


1. Two particles A and B of masses 0.4kg 
and 0.5kg respectively are moving towards 
each other on a straight line on a smooth 
horizontal surface. Just before the collision, 
both particles have speeds of 1m s-!. After 
the collision, the direction of motion of Bis 
reversed and its speed is 0.8 ms7, 
a Calculate the speed and direction of A 
after the collision. 
b Calculate the magnitude of the impulse 
given by A to B during the collision. 
Chapter 1 
Accricket ball has a mass of 0.16 kg and has 
When a ball bounces, the speed with kinetic energy of 50). Work out the speed of 
which it leaves the ground cannot be \ the cricket ball. € Section 2.2 
greater than the speed with which it A rock of mass 2 kg falls vertically from the 
approaches the ground. You can use ? top of a cliff into the sea. Given that the 
Newton's law of restitution to model rock is travelling at 25 ms when it hits the 
the ratio between these two speeds. water, calculate the height of the cliff. 
~ Mixed exercise Q14 € Statistics and Mechanics Year 1, Chapter 9 
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@ Direct impact and Newton’s law of restitution 


You can solve problems involving the direct impact of two particles by using the principle of 
conservation of momentum and Newton’s law of restitution. 


Adirect impact is a collision between particles which are moving along the same straight line. When 
two particles collide, their speeds after the collision depend upon the materials from which they are 
made. 


Newton's law of restitution (sometimes called Newton's experimental law) defines how the speeds of 
the particles after the collision depend on the nature of the particles as well as their speeds before the 
collision. This law only holds when the collision takes place in free space or on a smooth surface. 
= Newton’s law of restitution states that 

speed of separation of particles _ 

speed of approach of particles — 


The constant ¢ is the coefficient of restitution between the particles.0 <¢ <1 


The value of the coefficient of restitution e 
depends on the materials from which the particles together, Two balls of sticky plasticine 
are made. In a perfectly elastic collision, e = 1 so would produce a totally inelastic 

the speed of separation is the same as the speed collision, with e =0. 

of approach. In a totally inelastic collision e = 0 so 

the particles coalesce on impact. 


Coalesce means join 


Perfectly elastic collision (¢ = 1) Totally inelastic collision (¢ = 0) 


Llist —p mst e—— —> ms 1 e— 
etait OO OO 
+—_ vms1—__»p Ooms? 


After collision: O O ee) 


In each part of this question, the two diagrams show the speeds and directions of motion of two 
particles A and B just before and just after a collision. The particles move on a smooth horizontal 
plane. Find the coefficient of restitution e in each case. 

a 


Before impact After impact 


8ms! At rest At rest 2ms 


Oo OO Oo 
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Elastic collisions in one dimension 


b Before impact After impact 
6ms! 3ms! 4ms! Sms! 
—> «-/- = | —>=— —s 

A B A B 

fc Before impact After impact 
Ilms" Tmst 6mst 3ms? 
—> —_—i ei aS 

A B A B 


a The speed of approach is 8 - 0 = 8ms~ 


The speed of separation is 2-0 = 2ms"! 
b J 


gotiod 


as 
b The speed of approach is 6 - 3=3ms" 
The speed of separation is 5-4 =1ms7 


1 
e=5 
WENT IND In part ¢ the particles are 
seis estan eal f Watch out ) 
© The speed of approach is 11+ 7 = 18ms foun eirionncsite airectionscore 
The ayeen of separation is 6+ 3 =9ms" speed of approach/separation will be the 
ee =e sum of the speeds of each particle. 


Two particles A and B are travelling in the same direction on a smooth surface with speeds 4m s*! 
and 3ms"! respectively. They collide directly, and immediately after the collision continue to travel 
in the same direction with speeds 2ms"! and vms"! respectively. 


Given that the coefficient of restitution between A and Bis 4, find v. 


Before collision | After collision 


5 56 9 


speed of separation of particles 


speed of approach of particles 


y=2 4 
4-3 3 
v-2= 4 
Sov=d 
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Youicaniuse ‘the principle‘of. conservation For particles of masses m, and mz colliding 


of linear momentum together with ina straight line, with initial velocities u, and u, 


Newton's law of restitution'to solve a respectively, and final velocities v, and v2 respectively: 
problems involving two unknown velocities. yl, + mgt = My, + MeV € Section 1.2 


Example 


Two particles A and B of masses 200 g and 400 g respectively are travelling in opposite directions 
towards each other on a smooth surface with speeds 5ms~! and 4ms"! respectively. They collide 
directly, and immediately after the collision have velocities y, ms~! and y,ms~! respectively, 
measured in the direction of motion of A before the collision. 


Given that the coefficient of restitution between A and B is 4 find vy, and v. 


Before collision After collision t ontine } Explore direct impact using a? 


auES Amer wine Vo mame GeoGebra. 
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4(200g) _B(400)|4(200g) _B(400g) 


Using conservation of linear momentum for 
Problem-solving 
the system (—): 


0.2 x 5 +04 x (-4) = 0.2”, + O.4V5 The final velocities are measured in the direction 
1=16'= 0120, 4 014¥, of motion of A before the collision, so choose this 
“Hes Goinodk as the positive direction. Initially, Bis moving in the 
Sate - id ye = w opposite direction, so /, will be negative. 
speed of separation of particles 


speed of approach of particles 
Ye Vi _ 4 


(2) 


Eliminating v, between equations (1) and (2) gives +—_ 
w=t 


Substituting this value into equation (1) gives 


Two balls P and Q have masses 3m and 4m respectively. They are moving in opposite directions 
towards each other along the same straight line on a smooth level floor. Immediately before they 
collide, P has speed 3u and Q has speed 2u. The coefficient of restitution between P and Q is e. 
By modelling the balls as smooth spheres and the floor as a smooth horizontal plane, 


a_ show that the speed of Q after the collision is EL 15e + 1). 


b Given that the direction of motion of P is unchanged, find the range of possible values of e. 


¢ Given that the magnitude of the impulse of P on Q is Se find the value of e. 
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Elastic collisions in one dimension 


a [Before impact After impact CTE explore direct impact with a i] 
3u 2u vy Ve known impulse using GeoGebra. 

— —_— | onr->-  oa—” 
P (3m) OQ (Am) P (3m) Q(Am) 

Using conservation of linear momentum for the 

system (—): 

Qmu — Emu = 3my, + 4Amve 

=> 3y,+4r,=u (1) 

Newton's law of restitution gives 
Vey 
But Qu © 


> vo - vy = 5eu (2) 
Eliminating v, between equations (1) and (2) gives 


72 = 15ue + u 


ee 7 t5e +1) 


b Substituting this value into equation (2) gives 


y= 7 (Se +1) - Seu 


y= ad — 208) 

As v, > O, 

u As the direction of motion of P is unchanged 
7il — 20e) > 0 by the impact, v; must be positive. 

So e<3 


¢ Impulse of P on Q = change in momentum of 0 


= Ase + 1) + mu 
= Opn (+e) 
However the impulse is given as Oyu 
6Omu 60mu 
So 7 (+e)= 9 
(+e = 
e=y 


Exercise 


1 Ineach part of this question, the two diagrams show the speeds and directions of motion of 
two particles A and B just before and just after a collision. The particles move on a smooth 
horizontal plane. Find the coefficient of restitution e in each case. 
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Before collision After collision 


6mst Atrest | Atrest 4mst 
pe > 

“CO OO} O 
A B A B 
4ms! 2ms! | 2mst 3ms! 
> > > 
ri Oi © 
A B A B 


10 0/0 O 


2 Ineach part of this question, the two diagrams show the speeds and directions of motion of two 
particles A and B just before a collision, and their velocities relative to the initial directon of A 
just after a collision. The particles move on a smooth horizontal plane. The masses of A and B 
and the coefficients of restitution e are also given. Find the values of v; and v2 in each case. 


Before collision After collision 
6ms? At rest ypmst yymst 
= 


“+109 O10 O 


A(0.25kg) B(0.5kg)|A (0.25kg) B(0.5kg) 


4ms? 2ms! | pms! yymst 


b e=0.25/ () Oo O ral 


A (2kg) B(3kg) |A(2kg) B(3kg) 


8ms! 6ms! | mst vyms! 


10 O10 © 


A(3kg) B(\kg) | A (3kg) B(1kg) 


6ms! 6ms! ymst yymst 
— — a 


A (5kg) B(4kg) | A (5kg) B(4kg) 
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3 Asmall smooth sphere A of mass | kg is travelling along a straight line on a smooth horizontal 
plane with speed 4m s~! when it collides with a second smooth sphere B of the same radius, 
with mass 2 kg and travelling in the same direction as A with speed 2.5 ms~!. After the collision, 
A continues in the same direction with speed 2ms~!. Find: 

a the speed of B after the collision 
b the coefficient of restitution for the spheres. 


4 Two spheres A and B have masses 2 kg and 6 kg respectively. A and B move towards each other 
in opposite directions along the same straight line on a smooth horizontal surface with speeds 
4ms-'and 6 ms"! respectively. If the coefficient of restitution is 4 find the velocities of the 
spheres after the collision and the magnitude of the impulse given to each sphere. 


® 5 Two particles P and Q of masses 2m and 3m respectively are moving in opposite directions 
towards each other. Each particle is travelling with speed uw. Given that Q is brought to rest by 
the collision, find the speed of P after the collision, and the coefficient of restitution between 
the particles. 


® 6 Two particles A and B are travelling along the same straight line in the same direction on a 
smooth horizontal surface with speeds 3u and w respectively. Particle A catches up and collides 
with particle B. If the mass of B is twice that of A and the coefficient of restitution is e, find, in 
terms of e and u, expressions for the speeds of A and B after the collision. 


® 7 Two identical particles of mass m are projected towards each other along the same straight line 
on a smooth horizontal surface with speeds of 2u and 3u. After the collision, the directions of 
motion of both particles are reversed. Show that this implies that the coefficient of restitution e 
satisfies the inequality e >t 


8 Two particles A and B of masses m and km respectively are placed on a smooth horizontal 
plane. Particle A is made to move on the plane with speed w so as to collide directly with B, 


which is at rest. After the collision B moves with speed au. Problem-solving 


a Find, in terms of w and the constant k, the speed of A after ze 
In part b use the limits of 


the collision. (4 marks) : : 
: P ue 7 17 e to set up an inequality. 
b By using Newton’s law of restitution, show that 3 < k <> 
(5 marks) 


9 Two particles 4 and B of masses m and 3m respectively are placed on a smooth horizontal 
plane. Particle A is made to move on the plane with speed 2w so as to collide directly with B, 
which is moving in the same direction with speed wu. After the collision B moves with speed ku, 
where & is a constant. 

a Find, in terms of wv and the constant 4, the speed of A after the collision. (4 marks) 
b By using Newton’s law of restitution, show that ¢ <k< 3 (5 marks) 


10 A particle P of mass m is moving with speed 4u on a smooth horizontal plane. The particle 
collides directly with a particle Q of mass 3m moving with speed 2u in the same direction 
as P. The coefficient of restitution between P and Q is e. 


a Show that the speed of Q after the collision is £5 +e). (6 marks) 
b Find the speed of P after the collision, giving your answer in terms of e. (4 marks) 
¢ Show that the direction of motion of P is unchanged by the collision. (2 marks) 


d Given that the magnitude of the impulse of P on Q is 2mu, find the value of e. (4 marks) 
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Challenge 


Two particles P and Q of masses 3m kg and mkg respectively move 
towards each other in a straight line in opposite directions on a smooth 
horizontal surface. P has initial speed 2ms~ and Q has initial speed 
ums". After P and Q collide, both particles move in the same direction 
as P’s original motion. Given that, after the impact, Q moves with twice 
the speed of P and that the coefficient of restitution between P and 0 
is Z, show that u = 


@ Direct collision with a smooth plane 


You can also apply Newton's law of restitution to problems involving the direct collision of a particle 
with a smooth plane surface perpendicular to the direction of motion of the particle. 


In the figure a particle is shown moving horizontally with speed wu before impact with a vertical plane 
surface. After impact the particle moves in the opposite direction with speed v. 
Before impact After impact 


u v 
—> <—_ 


O Vertical plane O Vertical plane 


The speed of the particle after the impact depends on the speed of the particle before the impact and 
the coefficient of restitution e between the particle and the plane. 


= For the direct collision of a particle with a smooth plane, Newton’s law of restitution can be 
written as 


speed of rebound _ 
speed of approach 


A particle collides normally with a fixed vertical plane. Ifa particle collides 


normally then its direction of motion 
immediately before the instant of impact 
is perpendicular to the plane. 


The diagram shows the speeds of the particle before 
and after the collision. Find the value of the coefficient 
of restitution e. 


Before impact After impact 
8ms" 2ms" 
— 


— 
O Vertical plane : Vertical plane 


Using Newton's law of restitution, 
speed of rebound 


aS speed of approach 


The coefficient of restitution is + 
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Elastic collisions in one dimension 


A small sphere collides normally with a fixed vertical wall. Before the impact the sphere is moving 
with a speed of 4ms~! on a smooth horizontal floor. The coefficient of restitution between the 
sphere and the wall is 0.2. Find the speed of the sphere after the collision. 


‘Using Newton's law of restitution, 
speed of rebound 


= ‘Speed of approach 
a 
a a ; > eat 
So v= 08 


The speed of the sphere after Lhe collision 
is 0.6ms7. 


Example 


A particle falls 22.5 cm from rest onto a smooth horizontal plane. It then rebounds to a height of 
10cm. Find the coefficient of restitution between the particle and the plane. Give your answer to 
2 significant figures. 


As particle falls: | { Online ) Explore the direct collision of a ep 


Use v? = u? + 2as falling particle with a smooth plane using 
with w= 0, s = 0.225 anda=g GeoGebra. 


v= 
After impact: 

Use v? = u? + 2as 
with v = O, s = O.1 and a = -g ———_—_——_—____ 
u? = 0.2g 
u=14- 
Using Newton's law of restitution, 


speed of rebound 


~ speed of approach 


The coefficient of restitution is 0.67 (2 sf.) 
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Exercise 


Whenever a numerical value of g is required, take g = 9.8ms~. 


1 A smooth sphere collides normally with a fixed vertical wall. The two diagrams show the speed 
and direction of motion of the sphere before and after the collision. In each case, find the value 
of the coefficient of restitution e. 


a Before impact After impact 
10ms" 4ms! 
——p» ei 
o|* © | 
b Before impact After impact 
6ms" 3ms! 


O Wall O Wall 


2 Asmooth sphere collides normally with a fixed vertical wall. The two diagrams show the speed 
and direction of motion of the sphere before and after the collision. The value of ¢ is given in 
each case. Find the speed of the sphere after the collision in each case. 


ae= 4 Before impact After impact 
7Tms! vms! 
—> +<— 
O Wall O Wall 
be= t Before impact After impact 
12ms vyms! 
—> + 


O Wall O Wall 


3 A smooth sphere collides normally with a fixed vertical wall. The two diagrams show the speed 
and direction of motion of the sphere before and after the collision. The value of e is also given. 
Find the speed of the sphere before the collision in each case. 


ae= 4 Before impact After impact 
ums? 4ms! 
peels Pee 
of oO» 
be= 3 Before impact After impact 
ums! 6ms! 
=. ——— 


O Wall O Wall 
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Elastic collisions in one dimension 


4 Asmall smooth sphere of mass 0.3 kg is moving on a smooth horizontal table with a speed of 
10ms" when it collides normally with a fixed smooth wall. It rebounds with a speed of 7.5ms-!. 
Find the coefficient of restitution between the sphere and the wall. 


5 A particle falls 2.5 m from rest onto a smooth horizontal plane. It then rebounds to a height of 
1.5m. Find the coefficient of restitution between the particle and the plane. Give your answer to 
2 significant figures. 


® 6 A particle falls 3m from rest onto a smooth horizontal plane. It then rebounds to a height /m. 
The coefficient of restitution between the particle and the plane is 0.25. 


a Find the value of h. (4 marks) 
b Without further calculation, state how your answer to part a would change if 
e> 0.25 (1 mark) 


(E/P) 7 Asmall smooth sphere falls from rest onto a smooth horizontal plane and rebounds from the 
plane. It takes 2 seconds to reach the plane then another 2 seconds to reach the plane a second 
time. Find the coefficient of restitution between the sphere and the plane. (7 marks) 


(E/P) 8 Asmall smooth sphere falls from rest onto a smooth horizontal plane. It takes 3 seconds to reach 
the plane. The coefficient of restitution between the sphere and the plane is 0.49. Find the time it 
takes after rebound for the sphere to reach the plane a second time. (7 marks) 


9 A particle falls from rest from a height of 4m above level ground. After rebounding the particle 
reaches a maximum height of th. Find, in terms of g and h, the height of the particle 1 second 
after it hits the ground. (8 marks) 


Challenge 


A particle P falls from rest from a height of hm above level ground. Show that after hitting 
the ground, the maximum height that the particle reaches is he”, where e is the coefficient 
of restitution between the particle and the ground. 


@® Loss of kinetic energy 


You can solve problems that ask you to find the change in kinetic energy due to an impact or the 
application of an impulse. 


Two spheres A and B have masses 3 kg and 5 kg respectively. A and B move towards each other in 
opposite directions along the same straight line on a smooth horizontal surface with speeds 3 ms“! 
and 2ms" respectively. 


a Given the coefficient of restitution is 3, find the velocities of the spheres after the collision. 
b Find the loss of kinetic energy due to the impact. 
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a Before impact 
between A and B 


t Online } Explore the loss of kinetic energy a? 


ina collision using GeoGebra. 


w 
{3 
o 
A 
no 
E | 
% 


Of 
| 


After impact ieee met 
between A and B 


my a 
2 6 
oF 

oe 
a & 
2 °G 
a € 


O| 
oO} 


A(3kg) — B(Skg) 


Using conservation of momentum (—), 
3x3+5x*(-2)=3xx+5xyp 
=> 3x+5y=-1 () 


Using Newton's law of restitution, 


Be ig | 
3+2°5 | 
=>y-x=3 (2) 


Solving equations (1) and (2) gives 
y=tandx=-2 
After the impact the direction of A is 
reversed and its speed is 2ms~. The 
direction of B is also reversed and its 
speed is 1ms7. 


| 


b The total kinetic energy before impact is 
dng 2B? +} x5ix 222 2354 
The total kinetic energy after impact is 
$x3x2243x5x% 585) 
So the loss of kinetic energy is 
23.5J-65J=15J 


. ail of atte eateay due te impact is Whenlthe particlesare perfect 
@ myu,? + }m,u,2) — (my? +imzv2) elastic (e = 1) you will find that there is no loss of 
kinetic energy due to impact. 
In all practical situations e < 1 and some kinetic 
energy is converted into heat or sound energy at 
impact. 
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A gun of mass 600 kg fires a shell of mass 12 kg horizontally with speed 200 ms“!. 
a Find the velocity of the gun after the shell has been fired. 
b Find the total kinetic energy generated on firing. 


¢ Show that the ratio of the energy of the gun to the energy of the shell is equal to the ratio of the 
speed of the gun to the speed of the shell after firing. 


a Before firing Oms* Oms* 
—> > 
After firing xms’  200ms" 


Using conservation of momentum (—), 

600 x 0 +12 xO = 600 x x +12 x 200 
=> x=-4 

After the impact the direction of the gun 


is reversed and its speed is 4ms™. 


b The total kinetic energy after firing is 
3x GOO x 42 +3 x 12 x 2002 
= 4800 + 240000 


= 2448005 
So the total kinetic energy generated on 
firing is 244 800 J. 

¢ Ratio of KE. of gun to KLE. of shell is 

3% GOO x 42:5 x 12 x 2008 

= 4800 : 240000 

=1:50 
Ratio of speed of gun to speed of 
shell is 4: 200 = 1:50 


Example 


Two particles A and B, of masses 200 g and 300 g respectively, are connected by a light inextensible 
string. The particles are side by side at rest on a smooth floor and 4 is projected with speed 6 ms7! 
directly away from B. When the string becomes taut, particle B is jerked into motion and A and B 

then move with a common speed in the direction of projection of A. Find: 

a the common speed of the particles after the string becomes taut 


b the loss of total kinetic energy due to the jerk. 
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a Before the jerk 
Oms* 6ms" 


B(3009) @=~~~~-@ 4 (200g) ———__ 


After the jerk 
vms* Vms' 


— —_—.- 
8 (300g) @——@ 4 (2004) ——— Problem-solving 


Usi tion of itum (—), 
ra gel UL A When the string becomes taut, both particles 
0.3x0+02x6=03V+0.2V 
experience equal and opposite impulses due to 


x aalgieas: . s the tension in the string. Linear momentum is 
So the common speed is 24ms™. conserved during the jerk, so you can use 
b The total kinetic energy before the jerk is Myly + MzUz = MV, + MVz 


3x03 x0? +5x02x6?=36J 
The total kinetic energy after the jerk is 
3x03 x 247 +3 x 0.2 x 24? =144) 4— 
So the loss of kinetic energy is 
36-144 = 216) 


Exercise (40) 


1 A particle A of mass 500 g lies at rest on a smooth horizontal table. A second particle B of mass 
600 g is projected along the table with speed 6 ms"! and collides directly with A. If the collision 
reduces the speed of B to 1 ms~!, without changing its direction, find: 

a the speed of A after the collision b the loss of kinetic energy due to the collision. 


2 Two particles A and B of masses m and 2m respectively move towards each other in opposite 
directions with speeds wu and 2w. If the coefficient of restitution between the particles is 2 find the 
velocities of A and of B after the collision. Find also, in terms of m and u, the loss of kinetic energy 
due to the collision. 


3 A particle of mass 3 kg moving with speed 6m s~! collides directly with a particle of mass 5kg 
moving in the opposite direction with speed 2 ms~!, The particles coalesce and move with velocity v 
after the collision. Find the loss of kinetic energy due to the impact. 


4 A billiard ball of mass 200 g strikes a smooth cushion at right angles. Its speed before the impact 
is 2.5ms~! and the coefficient of restitution is $. Find the loss in kinetic energy of the billiard 
ball due to the impact. 


5 A bullet of mass 0.15 kg moving horizontally at 402 ms“! embeds itself in a sandbag of mass 
30 kg, which is suspended freely. Assuming that the sandbag is stationary before the impact, find: 


a the common velocity of the bullet and the sandbag after the impact 
b the loss of kinetic energy due to the impact. 
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6 A bullet is fired horizontally from a rifle. The rifle has mass 4.8 kg and the bullet has mass 20 g. 
The initial speed of the bullet is 400 ms“. Find: 


a the initial speed with which the rifle recoils 


b the total kinetic energy generated as a result of firing the bullet. 


® 7 A train of mass 30 tonnes moving with a small speed V impacts upon a number of stationary 
carriages each weighing 6 tonnes. The complete train and carriages now move forward with a 
speed of ay. Find: 
a the number of stationary carriages 


b the fraction of the original kinetic energy lost in the impact. 


® 8 A truck of mass 5 tonnes is moving in a straight line at 1.5ms-! 
towards a second stationary truck of mass 10 tonnes which is at tint ) ARIEL 
rest. The trucks collide, and after the impact the second truck 
moyes at 0.6ms~!. Modelling the trucks as particles, find: 


a the velocity of the first truck after the impact (3 marks) 
b the coefficient of restitution between the two trucks (2 marks) 
c the loss of kinetic energy due to the impact. (3 marks) 


® 9 A particle of mass m moves in a straight line with speed v when it explodes into two parts, 
one of mass 4m and the other of mass 3m, both moving in the same direction as before. 
If the explosion increases the energy of the system by tme, where w is a positive constant, 
find the speeds of the particles immediately after the explosion. Give your answers in terms 
of wand ». 


10 A small smooth sphere A of mass 2kg moves at 4ms~! on a smooth horizontal table. 
It collides directly with a second small smooth sphere B of mass 3 kg, which is moving in the 
same direction at a speed of 1 ms~!. The loss of kinetic energy due to the collision is 3 J. After 
the collision A and B continue to move in the same direction with speeds u and v respectively. 


a Show that 5y? - 22v + 21=0. (6 marks) 


b Hence find uv and », carefully justifying your choice of solutions. (5 marks) 


® 11 Two particles A and B, of masses 2 kg and 5 kg respectively, are connected by a light inextensible 
string. The particles are side by side on a smooth floor and 4 is projected with speed 7m s-! 
directly away from B. When the string becomes taut, particle B is jerked into motion and A and 
B then move with a common speed in the direction of the original velocity of A. Find: 


a the common speed of the particles after the string becomes taut (4 marks) 
b the loss of total kinetic energy due to the jerk. (3 marks) 
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12 Two particles A and B, of masses m and M respectively, are connected by a light inextensible 
string. The particles are side by side on a smooth floor and A is projected with speed w directly 
away from B. When the string becomes taut, particle B is jerked into motion and A and B then 
moye with a common speed in the direction of the original projection of A. 

Mu? 


Show that the loss of total kinetic energy due to the jerk is m+ M) 


Problem-solving 


Start by finding an expression for the common speed, 1, after the string becomes taut. 


(8 marks) 


() 13 Two particles of masses 3 kg and 5 kg lie on a smooth table and are connected by a slack 
inextensible string. The first particle is projected along the table with a velocity of 20 ms"! 
directly away from the second particle. Find: 


a the velocity of each particle after the string has become taut (6 marks) 
b the difference between the kinetic energies of the system when the string is 
slack and when it is taut. (3 marks) 


14 Three small spheres of masses 20 g, 40 g and 60 g respectively lie in order in a straight line on 
a large smooth table. The distance between adjacent spheres is 10cm. Two slack strings, each 
70cm in length, connect the first sphere with the second, and the second sphere with the third. 
The 60 g sphere is projected with a speed of 5ms-', directly away from the other two. Find: 
a the time which elapses before the 20 g sphere begins to move and the speed 
with which it starts (8 marks) 
b the loss in kinetic energy resulting from the two jerks. (5 marks) 


Challenge 


Two small spheres A and B with masses 4kg and 1 kg respectively lie on 
a large smooth surface. A and B are connected by a light inextensible 
string and are projected directly towards each other with speeds 2ms~* 
and 3 ms~ respectively. The coefficient of restitution for the collision 
of A and B is 0.8. After the collision both particles move in the direction 
in which A was originally moving. Find the kinetic energy of the system 
when the string becomes taut. 


@ Successive direct impacts 


You can solve problems involving successive direct impacts of particles with each other, or with a 
smooth plane surface. When you are solving such problems, you should draw a clear diagram showing 
the ‘before’ and ‘after’ information for each collision. 
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Example 


Three spheres A, B and C have masses m, 2m and 3m respectively. The spheres move along the same 
straight line on a horizontal plane with A following B, which is following C. Initially the speeds of 
A, Band Care 7ms~!, 3ms~! and 1 ms“ respectively, in the direction ABC. Sphere A collides with 
sphere B and then sphere B collides with sphere C. The coefficient of restitution between A and B 
is 4 and the coefficient of restitution between B and C is + 

a Find the velocities of the three spheres after the second collision. 

b Explain how you can predict that there will be a further collision between A and B. 


a First collision: { Online ) Explore successive collisions using ep 
Before impact between A and B GeoGebra. 


7ms" 3mst 
— — 


O O 


A (m) B(2m) 


After impact between A and B 


A(m) B(2m) ] 
Using conservation of momentum (—). 
mx 7 +2mx3=mx x+2mx y ———_ 

> x+2y=13 (1) 
Using Newton's law of restitution, 


Yam 4 | 
78 2 } 
> y-x=2 (2) | 


Solving equations (1) and (2) gives 
y=5andx=3 ——________L__ 
After the first impact, the velocity of A is 
3ms” and the velocity of Bis 5ms”. 


Second collision: 
Before impact between B and C 


B(2m) C(3m) 
After impact between B and C 


vmst wos? 
B(2m) C(3m) 


85 


Chapter 4 


Using conservation of momentum (—), 
2mx5+3mx1=2mxv+3mxw 
=> 2v+ 3w=13 (3) 
Using Newton's law of restitution, 
SE ea 
5-14 
>w-v=t (4) 


Solving equations (3) and (4) gives 
w=3andv=2 


After the second impact, the velocity of B 


is 2ms~ and the velocity of Cis 3ms“. 
The velocily of Ais Sms 


b As the velocity of A is greater than, and 


in the same direction as, the velocity of B, Problem-solving 


there will be a further collision between A Aplane is assumed to extend infinitely in either 

and 8. direction. In real life, a particle will not continue 
to move in a straight line and at a constant speed 
forever. 


Example 


A uniform smooth sphere P of mass 3m is moving in a straight line with speed wu on a smooth 
horizontal table. Another uniform smooth sphere Q of mass m is moving with speed 2u in the same 
straight line as P but in the opposite direction. The sphere P collides with the sphere Q directly. 
The velocities of P and Q after the collision are vy and w respectively, measured in the direction of 
motion of P before the collision. The coefficient of restitution between P and Q is e. 

a Find expressions for v and w in terms of u and e. 

b Show that, if the direction of motion of P is changed by the collision, then e > $ 

Following the collision with P, the sphere Q then collides with and rebounds from a vertical wall, 
which is perpendicular to the direction of motion of Q. The coefficient of restitution between Q 
and the wall is e’. 


¢ Given that e = 3 and that P and Q collide again in the subsequent motion, show that e’ > + 


a First collision: 
Before impact between P and 0 


86 


After impact between P and Q 
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P(3m) Q(m) 
Using conservation of momentum (—), 
3m x u-—m x 2u= 3m x v+mxw — 
=> 3v+weu (1) 
Using Newton's law of restitution, 
w-y 


Elastic collisions in one dimension 


ut Qu 
=> w—v= 3eu (2) 


Subtract equation (2) from equation (1) to give 


4v = u(1 — 3e) 
ll - 3¢) 
aaa: 
Bein wet 1) 
u(1 — 3e) 


Asv<0O, —— <O 
Soe> 3 
Before impact between Q and the wall 


w 


— 


‘eo 


Q(m) 
After impact between Q and the wall 


V 
—— 


+1 


O(m) 
Using Newton's law of restitution, 
aa 
ne = 
(nts wee 

ie a 2 
By hm ae ul 
Also when e = 2. re “Ee 
After impact between Q and the wall 

te 3e'u 
2 


— + 


GO 0 


P (3m) Q(m) 
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‘Since Q and P collide again Problem-solving 


Seu lu If the two particles collide again, then the speed 
2° 6 of Q must be greater than the speed of P. 
Soe'>$ 


Example 


A tennis ball, which may be modelled as a particle, is dropped from rest at a height of 90cm onto a 
smooth horizontal plane. The coefficient of restitution between the ball and the plane is 0.5. Assume 
that there is no air resistance and that the ball falls under gravity and hits the plane at right angles. 

a Find the height to which the ball rebounds after the first bounce. 

b Find the height to which the ball rebounds after the second bounce. 

¢ Find the total distance travelled by the ball before it comes to rest, according to this model. 

d Criticise this model with respect to the motion of the ball as it continues to bounce. 


a As the tennis ball falls: ae 
: ° t Online ) Explore successive impacts of a e? 


falling particle using GeoGebra. 


Use v? = u? + 2as 
with w= O,s=O.9 anda=g 
v2 = 1.8g 
yv=42 
After first impact with plane: 
By Newton's law of restitution, 
speed of rebound 


Bg aa enreer nner 
speed of approach 


w=2) - 
As the ball moves under gravity after impact: 


Use v? = u? + 2as 
with y= O,u = 21 anda=-g 
O = 2.1 - 2gh, 

2.12 


hy= Be 
= 0.225 
The ball rebounds after the first bounce to 
a height of 22.5cm. 
b As the tennis ball falls: 
vew=2/ 
After second impact: 
By Newton's law of restitution 
v"=ex 21=1.05 
As the ball moves under gravity after the 
second impact: 
Use v? = u? + 2as 
with v= O,u = 1.05 anda=-g 


Elastic collisions in one dimension 


O = 1.05? - 2ghz Problem-solving 


ha = puOee 0.05625 The ratio of the heights on each bounce is 


The 7 after the second bounce pe ae 1 
do wHeIaRDORS.C25.cn, Initial height = 0.9 m, h, = 0.9 x 7 = 0.225, 
a hz = 0.9 x (4)? = 0.05625, and so on. 
c¢ The total distance travelled is 
O.9 + 0.225 + 0.225 + 0.05625 
+ 0.05625 +... 
= 0.9 + 20.225 +0225 x i+ 
0.225 x (4)? + 0.225 x (4)? +...) 
= 09 + 2 x 2225 15 
h=—) 
The total distance travelled by the ball 
before it comes to rest is 1.5m. 


d According to this model the ball will 
bounce an infinite number of times. In real 
life, the ball will stop bouncing after a finite 
number of bounces. 


Exercise 


Whenever a numerical value of g is required, take g = 9.8 ms. 

1 Three small smooth spheres A, B and C move along the same straight line on a horizontal plane. 
Sphere A collides with sphere B and then sphere B collides with sphere C. The diagrams show 
the velocities before the first collision, after the first collision between A and B and then after the 
collision between B and C. 


a Find the values of u, v, x and y, if e= $ for both collisions. 
Before collision After A and B have collided After B and C have collided 


A(2kg) B(ikg) C(2kg) | A(2kg) B(lkg) C(2kg) | A(2kg) B(lkg)  C(2kg) 
b Find the values of wu, v, x and y, if e= t for the collision between A and Band e= $ for the 
collision between B and C. 
Before collision After A and B have collided After B and C have collided 
10ms! = 2ms? 3ms! ums! yms! 3ms! | ums! xms! so yms? 
red Oo oO a’ Oo Oo re Oo rai 


A(L.5kg) B(2kg) C(Ikg) | A(1.5kg) B(2kg) C(lkg) | A(I.Skg) B(2kg) C(Ikg) 


® 2 Three perfectly elastic particles A, B and C of masses 3m, 5m and 4m 
respectively lie at rest on a straight line on a smooth horizontal table Perfectly elastic 
with B between A and C. Particle A is projected directly towards B with 
speed 6ms~' and after A has collided with B, B then collides with C. 
Find the velocity of each particle after the second impact. 


means e= 1. 
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Three identical smooth spheres A, B and C, each of mass m, lie at rest on a straight line on a 
smooth horizontal table. Sphere A is projected with speed wu to strike sphere B directly. Sphere B 
then strikes sphere C directly. The coefficient of restitution between any two spheres is ¢, e # 1. 
a Find the speeds in terms of u and e of the spheres after these two collisions. 

b Show that 4 will catch up with B and there will be a further collision. 


Three identical spheres A, B and C of equal mass m move along the same straight line on a 
horizontal plane. A and B are moving in opposite directions towards each other with speeds 4u 
and 2u respectively. C is moving in the same direction as A with speed 3u. 


a If the coefficient of restitution between any two of the spheres is e, show that B will only 
collide with Cif e > 5 (8 marks) 
b Find the direction of motion of A after collision, if e > 3 (2 marks) 


Two particles P and Q of masses 2m and 3m respectively are moving in opposite directions on 

a smooth plane with speeds 4u and 2u respectively. The particles collide directly. The direction 

of motion of Q is reversed by the impact and its speed after impact is v. This particle then hits 

a smooth vertical wall perpendicular to its direction of motion. The coefficient of restitution 
between Q and the wall is Z In the subsequent motion, there is a further collision between 

Q and P. Find the velocities of P and Q after this collision. (8 marks) 


Two small smooth spheres P and Q have masses m and 3m respectively. Sphere P is moving with 
speed 12u on a smooth horizontal table when it collides directly with Q which is at rest on the 
table. The coefficient of restitution between P and Q is 


a Find the velocities of P and Q immediately after the collision. (6 marks) 


After the collision Q hits a smooth vertical wall perpendicular to the direction of its motion. 
The coefficient of restitution between Q and the wall is 4 Q then collides with P a second time. 


b Find the velocities of P and Q after the second collision between P and Q. (8 marks) 


A small table tennis ball, which may be modelled as a particle, falls from rest at a height 40cm 
onto a smooth horizontal plane. The coefficient of restitution between the ball and the plane 
is 0.7. 


a Find the height to which the ball rebounds after: 
i the first bounce 


ii the second bounce. (8 marks) 
b Describe the subsequent motion of the ball. (1 mark) 
¢ Find the total distance travelled by the ball before 

it comes to rest. (5 marks) 


Find the ratio between the heights 
of successive bounces according to 
the model. 


d Give one reason why your answer to part ¢ is unrealistic. (1 mark) 


Elastic collisions in one dimension 


8 A small smooth ball, which may be modelled as a particle, falls from rest at a height H onto a 
smooth horizontal plane. The coefficient of restitution between the ball and the plane is e. 
a Find, in terms of H and e, the height to which the ball rebounds after the first bounce. (9 marks) 
b Find, in terms of H and e, the height to which the ball rebounds after the second bounce. 
(6 marks) 
¢ Find an expression for the total distance travelled by the ball before it comes to rest. (6 marks) 


Problem-solving 


Draw clear diagrams for each stage of the motion of the ball. 


9 A ball B lies on a smooth horizontal plane between two smooth, parallel, vertical walls W, and 
W, that are dm apart. B is initially halfway between the walls and is projected with velocity 
2ms"! towards W,. The coefficient of restitution between B and W, is es. 


The ball then travels towards and strikes W,. The coefficient of restitution between B and W/ is e;. 
The ball then travels towards W, again. 


Find, in terms of d, e; and e, the total time elapsed from the moment the ball is projected to the 
time when it strikes W, for the second time. (9 marks) 


Challenge 


Two particles P and Q, of equal mass, lie on a smooth horizontal plane between two 
smooth parallel, vertical walls W, and W, that are 4 m apart. P and Q are projected 
towards each other with speeds 2ms~ and 1 ms“ respectively in such a way that they 
collide directly at a point equidistant from W, and W,. The coefficient of restitution 
between the particles is 0.5. P then travels towards W,, and Q travels towards W, and 
strikes W, perpendicularly. The coefficient of restitution between Q and W, is 0.4. Show 
that in the subsequent motion, P strikes W, before Q collides with P for a second time. 


Mixed exercise (+) 


1 Two identical spheres, moving in opposite directions, collide directly, As a result of the impact 
one of the spheres is brought to rest. The coefficient of restitution between the spheres is i. 
Show that the ratio of the speeds of the spheres before the impact is 2:1. 


2 A particle P of mass m is moving in a straight line with speed fu at the instant when it collides 
directly with a particle Q, of mass Am, which is at rest. The coefficient of restitution between P 
and Qis $ Given that P comes to rest immediately after hitting Q find the value of 2. 


3 A boy of mass m dives off a boat of mass M which was previously at rest. Immediately after 
diving off, the boy has horizontal speed v and the boat has horizontal speed V. 


a Modelling the boy and the boat as particles in free space, find an expression for V in 


terms of v. (4 marks) 
o, _ m(m+ M)yv? 

b Prove that the total kinetic energy of the boy and the boat is a) ie (4 marks) 

¢ Criticise the model in respect of the boat. (1 mark) 
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Two spheres P and Q of masses 4kg and 2 kg respectively are travelling towards each other in 
opposite directions along a straight line on a smooth horizontal surface. Initially, P has a speed 
of Sms-! and Q has a speed of 3ms-!. After the collision the direction of Q is reversed and it is 
travelling at a speed of 2ms-!. Find the velocity of P after the collision and the loss of kinetic 
energy due to the collision. 


A particle P of mass 3m is moving in a straight line with speed u at the instant when it collides 
directly with a particle Q of mass m which is at rest. The coefficient of restitution between P and 


Oise. u3-e) 


a Show that after the collision P is moving with speed 7 (6 marks) 
im ~., 3mP(1 = e?) 

b Show that the loss of kinetic energy due to the collision is —_, (10 marks) 

¢ Find, in terms of m, wand e, the impulse exerted on Q by P in the collision. (4 marks) 


Two spheres of masses 70 g and 100 g respectively are moving in opposite directions with speeds 
4ms-!and 8 ms"! respectively. The spheres collide directly. The coefficient of restitution between 
the spheres is +. Find: 

a the velocities of the spheres after impact (4 marks) 
b the amount of kinetic energy lost in the collision. (3 marks) 


A sphere of mass 2 kg moving at 35ms™! catches up and collides directly with a sphere of mass 
10 kg moving in the same direction at 20ms"!. Five seconds after the impact the 10 kg sphere 
encounters a fixed barrier which reduces it to rest. Assuming the coefficient of restitution 
between the spheres is 3 find the time that will elapse before the 2 kg sphere strikes the 10 kg 
sphere again. You may assume that the spheres are moving on a smooth surface and have 
constant speed between collisions. (10 marks) 


Three balls A, B and C of masses 4m, 3m and 3m respectively lie at rest on a smooth horizontal 
table with their centres in a straight line. The coefficient of restitution between any pair of balls 
is 3 Show that if A is projected towards B with speed V there are three impacts and the final 
velocities are a V, iv and qty respectively. (12 marks) 


A bullet of mass 60 g is fired horizontally at a fixed vertical metal barrier. The bullet hits the 
barrier when it is travelling at 600 ms“! and then rebounds. 


a Find the kinetic energy lost at the impact if e = 0.4. (8 marks) 


b Give one possible form of energy into which the lost kinetic energy has been 
transformed. (1 mark) 


A particle A of mass 4m moving with speed wu on a horizontal plane strikes directly a particle B 
of mass 3m which is at rest on the plane. The coefficient of restitution between A and Bis e. 


a Find, in terms of e and uw, the speeds of A and B immediately after the collision. (8 marks) 
b Given that the magnitude of the impulse exerted by A on B is 2mu, show that e =t (6 marks) 


Elastic collisions in one dimension 
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A ball of mass m moving with speed kV on a smooth table catches up and collides with another 
ball of mass Am moving with speed V travelling in the same direction on the table. The impact 
reduces the first ball to rest. 

Atk 
Ak = 1) 


b Show further that 4 > cs and k > 2. (6 marks) 


a Show that the coefficient of restitution is (6 marks) 


A ball is dropped from zero velocity and after falling for 1 s under gravity meets another 
identical ball which is moving upwards at 7m s*!. 
a Taking the value of g as 9.8 ms~, calculate the velocity of each ball immediately after the 
impact, given that the coefficient of restitution is ; (8 marks) 
b Find the percentage loss in kinetic energy due to the impact, giving your answer to 
2 significant figures. (4 marks) 


A particle falls from a height 8 m onto a fixed horizontal plane. The coefficient of restitution 
between the particle and the plane is} 


a Find the height to which the particle rises after impact. (6 marks) 

b Find the time the particle takes from leaving the plane after impact to reach the plane again. 
(2 marks) 

c Find the speed of the particle after the second rebound. (2 marks) 

You may leave your answers in terms of g. 

A particle falls from a height / onto a fixed horizontal plane. If e is the coefficient of 

restitution between the particle and the plane, show that the total time taken before 

the particle finishes bouncing is ate re (10 marks) 


A sphere P of mass m lies on a smooth table between a sphere Q of mass 8m and a fixed vertical 
plane. Sphere Q is initially at rest. Sphere P is projected towards sphere Q so they impact directly. 
The coefficient of restitution between the two spheres is z Given that sphere P is reduced to rest by 
a second impact with sphere Q, find the coefficient of restitution between sphere P and the fixed 
vertical plane. (12 marks) 


A gun of mass Mkg is free to move horizontally. The gun fires a shell of mass mkg ina 
horizontal direction. The energy released by the explosion, which occurred in firing the 
shell, is EJ. Find the velocity of the shell in terms of m, M and E£ if all of this energy is 
given to the shell and the gun. (8 marks) 


A snooker ball of mass m kg is dropped from a point H m above a horizontal floor. The ball 
falls freely under gravity, strikes the floor and bounces to a height of /m. Given that the 
coefficient of restitution between the ball and the floor is e, 


a show that e= { 4 (6 marks) 
b find the height the ball reaches after it bounces a second time (3 marks) 
¢ describe the subsequent motion of the ball according to this model. (2 marks) 
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18 A small sphere B of mass 2 kg is held at rest 2m up a smooth slope that is angled at 30° to the 
horizontal. When sphere B is released from rest it rolls down the slope onto a smooth, 
horizontal plane where it collides directly with a stationary small sphere C of mass | kg. 

Given that the coefficient of restitution between the balls is 0.75, calculate: 
a_ the speed and direction of motion of B and C after the collision (12 marks) 
b the kinetic energy lost in the collision. (5 marks) 
¢ Without doing any further calculations, state how the amount of kinetic energy 

lost in the collision would change if e < 0.75. (1 mark) 


Problem-solving 


Resolve to find the acceleration of B. 


19 Two spheres A and B sit on a smooth horizontal plane at a point P between two parallel, 
vertical walls W, and W, such that the ratio of distance WP: PW, is 2:1. Sphere A is projected 
towards W, with speed 2ms"! and B is projected towards W; with speed 3 ms'. The spheres 
rebound off their respective walls before colliding at a point Q. Given that the coefficient 
of restitution between both walls and spheres is 0.6, calculate the ratio of the distances 
W,Q:W,0. (8 marks) 


Challenge 


Three small spheres A, B and C of masses m,, mz and m, respectively lie in order in 

a straight line on a large smooth table. Two slack strings connect A to B and B to 

C. Sphere Cis projected with speed um s~ away from the other two spheres. 

Show that the total kinetic energy of A, B and C when both strings are taut is 
myeu 

2(m, + m2 + my) 


Summary of key points 


1 Newton's law of restitution states that 
speed of separation of particles 
speed of approach of particles 7 
The constant ¢ is the coefficient of restitution between the particles0 <e <1 


2 For the direct collision of a particle with a smooth plane, Newton's law of restitution can be 
written as 


speed of rebound 
SS Seo 
speed of approach 


3 The loss of kinetic energy due to impact is 


(Zu + zmeu}) — (Zmyv? + zm,v3) 
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Elastic collisions in 
two dimensions 


After completing this chapter you should be able to: 
@ Solve problems involving the oblique impact of a smooth sphere 
with a fixed surface — pages 96-101 
@ Solve problems involving the oblique impact of two smooth 
spheres — pages 102-108 
@ Solve problems involving successive oblique impacts of a sphere with 
smooth plane surfaces — pages 108-115 


Prior knowledge check 


on a smooth horizontal table with a speed of 
8ms-! when it collides normally with a fixed 


smooth wall. It rebounds with a speed of 6ms—. 
Find the coefficient of restitution between the 
sphere and the wall. € Section 4.2 


2 Aparticle P of mass 1.5 kg lies at rest on a smooth 
horizontal table. A second particle Q of mass 0.5g 
is projected along the table with velocity 5m s+ 
and collides directly with P. If the collision reduces 
the speed of Q to 2ms-, without changing its 
direction, find: 


1 Asmall smooth sphere of mass 0.25 kg is moving - 


A collision between a snooker ball 
and a cushion can be modelled as a 


collision between a smooth particle a the speed of P after the collision 
and a smooth vertical wall. b the loss of kinetic energy due to the collision. 
| ~ Exercise 5A Q12 € Section 4.3 
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@ Oblique impact with a fixed surface 


BDvou can solve problems involving the oblique impact r " 
of asmooth sphere with a smooth fixed surface. {Notation ) ei obuque ee! Boeliere 
the particle does not strike a surface normally. 


= When a smooth sphere collides with a You usually use a and /3 to represent the 
smooth flat surface and bounces off angles between the path of the particle and 
it the velocity of the sphere changes, the surface before and after the impact. 


and therefore the momentum changes. 
The change in momentum is caused by 

the impact between the sphere and the 
surface. 


impulse 


Because the sphere and the surface are smooth, 
we know that the reaction between the sphere 
and the surface acts along the common 

normal at the point of contact. This means that 
the impulse must act in the same direction. 
Consequently, in the impact between a smooth 
sphere and a smooth fixed surface: 


= The impulse on the sphere acts perpendicular 
to the surface, through the centre of the sphere. 


You can solve problems involving oblique impacts with fixed surfaces by considering the components 
of the velocity of the sphere parallel and perpendicular to the surface. 


= The component of the velocity of the sphere parallel to the surface is unchanged. 
vcosB=ucosa 


= You can use Newton’s law of restitution to find the component of the velocity of the sphere 
perpendicular to the surface. 


vy sin 3 =eu sina 


You can eliminate wand v from the above relationships by dividing to obtain: 


vsinp sin 
vos 3 i aoe Cp The total angle through which the 
path of the sphere changes is sometimes called 
tanZ=etana the angle of deflection. Using the above 


7 notation, then angle of deflection is a + (3. 
And since 0 <e <1, tan < tana,so 3 <a. 


Example 


A smooth sphere S is moving on a smooth horizontal plane with speed wu when it collides with a 
smooth fixed vertical wall. At the instant of collision the direction of motion of S makes an angle 
of 60° with the wall. The coefficient of restitution between S and the wall is +. Find: 

a the speed of S immediately after the collision 

b the angle of deflection of S. 
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{ Online } Explore oblique impact with a es) 


lug fixed surface using GeoGebra. 


a For motion parallel to the surface: 
vcos 3 = u cosGO° 
vcos 3 =4u (1) 
For motion perpendicular to the surface: 
vsin§ = eu sinGO° 
ysinb= Bu (2) 
Eliminating 3 from (1) and (2): 
v? sin? 8 + v2 cos? B = Zou? + fu? 
v(sin? 8 + cos? 8) = Bu? 
= V9 
8 
b Eliminating v and u from (1) and (2): 
v3 
v sing 8 
vcosB tu 


y 


u 


Problem-solving 


Both y and ware eliminated from the equations 
when you divide. The angle of deflection is 
independent of the original speed of the sphere. 


B= 234° (lap) 
Angle of deflection = GO” + 23.4° = 83.4° 
(1 dp) 


The same method can be used if the impact is with an inclined plane. 


Example 


A small smooth ball is falling vertically. The ball strikes a smooth plane which is inclined at an 
angle a to the horizontal, where tana = 4. Immediately before striking the plane the ball has speed 
5ms-!. The coefficient of restitution between the ball and the plane is$ 


Find the speed of the ball immediately after the impact. 
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p Before the impact: 


5cosams* 


5sinams" 


After the impact: 


The component of velocity parallel to the 
Perpendicular to the sere: 
Therefore speed after impact 


A small smooth ball of mass 2 kg is moving in the xy-plane and collides with a smooth fixed 
vertical wall which contains the y-axis. The velocity of the ball just before impact is (—6i — 4j)ms"!. 
The coefficient of restitution between the sphere and the wall is }. Find: 

a the velocity of the ball immediately after the impact 

b the kinetic energy lost as a result of the impact 

¢ the angle of deflection of the ball. 


(Ci - 4j)ms 


(pi + qj)ms" 
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(a Let the velocity of the ball after the impact 


be (pi + qj)ms”. 

Parallel to the wall: q = -4 

Perpendicular to the wall: 

p=4xG=2 
Velocity of the ball after impact 
= (21 - 4j)ms7 

Speed of ball before impact = 52ms7 

KE. of ball before impact = 4 x 2 x (V52)?| 
=52J 

Speed of ball after impact = 20 ms” 

K.E. of ball after impact = 3 x 2 x (/20) 

OJ 

Loss of KE. = 52 - 20 = 32J 


Let @ be the angle of deflection: 


Elastic collisions in two dimensions 


Problem-solving 


You can use the scalar product to quickly 
determine the angle of deflection, @. If the 
velocities before and after impact are u and v 


—6)(2) + (-4)(-4) 
050 = sm = = respectively, then cos ara 
@ = 82.9° (1 dp) Core Pure Book 1, Section 9.3 


Exercise 


1 A smooth sphere S is moving on a smooth horizontal plane with speed u when it collides with a 
smooth fixed vertical wall. At the instant of collision the direction of motion of S makes an angle 


of a with the wall, where tan a = 2 The coefficient of restitution between S and the wal 
a the speed of S immediately after the collision 
b the angle of deflection of S. 


2 A smooth sphere S is moving on a smooth horizontal plane with speed u when it col 


lis +. Find: 


ides with 


a smooth fixed vertical wall. At the instant of collision the direction of motion of S makes an 


angle of 30° with the wall. Immediately after the collision the speed of S is Zu. 
Find the coefficient of restitution between S and the wall. 


3 Asmooth sphere S is moving on a smooth horizontal plane with speed u when it collid 
smooth fixed vertical wall. At the instant of collision the direction of motion of S mak 


les with a 
es an angle 


of a with the wall, where tan a = 7y. The coeflicient of restitution between S and the wall is = 


Find the speed of S immediately after the collision. 


4 Asmooth sphere S is moving on a smooth horizontal plane with speed u when it coll 


ides with 


a smooth fixed vertical wall. At the instant of collision the direction of motion of S makes an 


angle of a with the wall, where tan a = 2. Immediately after the collision the speed o 


Find the coefficient of restitution between S and the wall. 


Sis fu. 
(4 marks) 
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A small smooth ball is falling vertically. The ball strikes a smooth plane which is inclined at an 
angle of 30° to the horizontal. Immediately before striking the plane the ball has speed 8 ms“!. 
The coefficient of restitution between the ball and the plane is + 


Find the exact value of the speed of the ball immediately after the impact. 


A small smooth ball is falling vertically. The ball strikes a smooth plane which is inclined at an 
angle of 20° to the horizontal. Immediately before striking the plane the ball has speed 10 ms“!. 
The coefficient of restitution between the ball and the plane is 2 Find the speed, to 3 significant 
figures, of the ball immediately after the impact. 


A small smooth ball of mass 750 g is falling vertically. The ball strikes t Hint ) joe 
a smooth plane which is inclined at an angle of 45° to the horizontal. € Section 1.3 
Immediately before striking the plane the ball has speed 5V2 ms~!. 

The coefficient of restitution between the ball and the plane is 3. Find: 

a the speed, to 3 significant figures, of the ball immediately after the impact (2 marks) 
b the magnitude of the impulse received by the ball as it strikes the plane. (2 marks) 


A small smooth ball is falling vertically. The ball strikes a smooth plane which is inclined at an 
angle a to the horizontal, where tan a = 2 Immediately before striking the plane the ball has 
speed 7.5ms~!. Immediately after the impact the ball has speed 5ms~!. 
Find the coefficient of restitution, to 2 significant figures, between the ball and the plane. 

(4 marks) 


A small smooth ball of mass 800 g is moving in the xy-plane and collides with a smooth fixed 
vertical wall which contains the y-axis. The velocity of the ball just before impact is 

(Si - 3j) ms“. The coefficient of restitution between the sphere and the wall is 4 Find: 

a the velocity of the ball immediately after the impact 

b the kinetic energy lost as a result of the impact 

c the angle of deflection of the ball. 


A small smooth ball of mass | kg is moving in the xy-plane and collides with a smooth fixed 
vertical wall which contains the x-axis. The velocity of the ball just before impact is 

(3i + 6j)ms-'. The coefficient of restitution between the sphere and the wall is 4 Find: 

a the speed of the ball immediately after the impact 

b the kinetic energy lost as a result of the impact. 


A small smooth ball of mass 2 kg is moving in the xy-plane and collides with a smooth fixed 
vertical wall which contains the line y = x. The velocity of the ball just before impact is 

(4i + 2j)ms~'. The coefficient of restitution between the sphere and the wall is 4 Find: 

a the velocity of the ball immediately after the impact 

b the proportion of the original kinetic energy lost as a result of the impact 

¢ the angle of deflection of the ball. 


A smooth snooker ball strikes a smooth cushion with speed 8 ms"! at an angle of 45° to the 
cushion, Given that the coefficient of restitution between the ball and the cushion is 2, find the 
magnitude and direction of the velocity of the ball after the impact. 


Elastic collisions in two dimensions 


LJ 13 A smooth snooker ball strikes a smooth cushion with speed wms™! at an angle of 50° to the 
cushion. The coefficient of restitution between the ball and the cushion is e. 

a Show that the angle between the cushion and the rebound direction is independent of wu. 
b Find the value of e given that the ball rebounds at right angles to its original direction. 


14 A smooth billiard ball strikes a smooth cushion at an angle of a to the cushion, where tana =3 
The ball rebounds at an angle of / to the cushion, where tan 3 = a Find: 
a the fraction of the kinetic energy of the ball lost in the collision 
b the coefficient of restitution between the ball and the cushion. 


(0) 15 A small smooth sphere of mass m is moving Problem-solving 


with velocity (Si— 2j) ms! when it hits a 

smooth wall. It rebounds from the wall with 

velocity (2i + 2j) ms-!. Find: 

a aunit vector in the direction of the impulse 
received by the sphere 

b the coefficient of restitution between the 
sphere and the wall. 


Use I = mv — mu to find the direction of 

the impulse. The component of a velocity, 

v, which acts in this direction is the scalar 
product v.l, where f is your answer to part a. 


16 A small smooth sphere of mass 2 kg is moving with velocity (2i + 3j) ms~! when it hits a smooth 
wall. It rebounds from the wall with velocity (3i - j)ms~!. Find: 


a the magnitude and direction of the impulse received by the sphere (3 marks) 
b the coefficient of restitution between the sphere and the wall (5 marks) 
¢ the kinetic energy lost by the sphere in the collision. (4 marks) 


17 A sphere slides across a smooth horizontal plane towards a smooth vertical wall with a speed of 
3v and at an angle of a to the wall. After striking the wall the sphere moves at right-angles to 
its original direction of motion with speed y. 

a Show that tana = 3. (3 marks) 
b Find the coefficient of restitution between the sphere and the wall. (4 marks) 


18 A particle P is moving in a vertical plane when it collides with a smooth fixed horizontal wall. 
Immediately before the collision the angle between the direction of motion of P and the wall 

is a where 0° < a < 90°. Immediately after the collision, the angle between the direction of 
motion of P and the wall is Sa. Given that the coefficient of restitution between P and the wall 
is 0.4, find the value of a. (10 marks) 


Challenge 


A ball is moving on a smooth horizontal surface with speed u when it collides Wz QO 
with a smooth fixed vertical wall W, at a point P. At the instant of the impact 

the ball is moving at an angle of « to the wall. The coefficient of restitution 

between the wall and the ball is e. The ball then moves on to collide with a 

second vertical wall W, at point O. W, is perpendicular to W, and the Pp 
perpendicular distance from point P to Wis 1m. 


Show that the distance PQ = Ve? tan*a + 1. 
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(5.2) Successive oblique impacts 


p You can solve problems involving successive oblique impacts of a sphere with smooth plane surfaces. 


Find: 


v;, C080 = 4cos 30° = 2/3 


a the direction of motion and speed of the sphere after the first collision 
b the direction of motion and speed of the sphere after the second collision. 


v,sin@ = 4 x 3sin 30° 


v, sin = 3 


y,sind 3 a 


¥,cos@ 43 
tand= 8 


50 0 = 23.4° (3 sf) and vy, = 3.77 ms" (3 sf) +4 
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You should consider each impact separately, and draw separate diagrams for each one. 


Two vertical walls meet at right angles. A smooth sphere slides across a smooth, horizontal floor, 
bouncing off each wall in turn. Just before the first impact the sphere is moving with speed 4m s-! 
at an angle of 30° to the wall, The coefficient of restitution between the sphere and both walls is 3 


irst collision 


ution for motion 


vsina 


Elastic collisions in two dimensions 


3.774... 5in66.58...°— 
vy, sina = 2.596... 


vosiNd — 2598 


¥2c0Ssa ~ 15 

tana = 1.732... 

so a= 60° and v= 3ms" 

So the sphere is travelling at 3ms~ at an 
angle of GO® to the second wall. 


Example 


Two cushions of a snooker table W, and W, meet at right angles, A snooker ball travels across 
the table and collides with W, and then W,. The cushions are modelled as smooth. 

Just before the first impact the ball is moving with speed wms™ at an angle of 20° to W,. 

The coefficients of restitution between the ball and the cushions W, and W, are } and $ 


respectively. 


a Find the percentage of the ball’s original kinetic energy that is lost in the collisions. 


b In reality the cushions may not be smooth. What effect will the model have had on the 
calculation of the percentage of kinetic energy remaining? 


We 


POA ol 


Ww, 


¥, COS @ = ucos 20° 
v, sina = Susin 20° 


: ere 
y,;sina — gusin 20 
¥, COSA ~ yoos 20° 


tana = $tan 20° 


You could find a, and v, in terms of u, but you do 
not necessarily need this information. Leave your 
expression for tan a as it is for now, as you might 
be able to use it in this form later in the question. 


103 


Chapter 5 


(30° — a) 


V2 C05 [3 = v, cos (90° — a) = Vv, Sina 
vosing =v, x sin (90° - a) 


v2sin 8 = yy, cosa 


2 


t Watch out ) The coefficient of restitution 


between the ball and the second cushion is not 
the same as the coefficient between the ball and 
the first cushion. 


| find tan 3 


vosinf 5coSsa 
v,cos =, sina 
a ee 
tanB= Suna but tana = Ztan 20° 
4 
ti = 
$0 tan B= Sao 


B = 65.5° (3 sf) 
¥2 cos =v, sina 
= Su sin 20° 
Su sin 20° 
"2 GosG5.53..0 
= 0.4129...u 


KE. before collisions = Su? 


KE. after collisions = $m(0.4129...u)? 

= gmu? x 0.1705... 
Therefore 83% of the ball’s original kinetic 
energy was lost. 

b The calculation of the percentage of K.E. 
lost is actually too small. In reality, more 
KE. will be lost as the rough surface will 
result in lower final speeds. 


xpression for v2 in terms 


how the \d justify your 


statement. 


Two smooth vertical walls stand on a smooth horizontal surface and intersect at an angle of 60°. 
A smooth sphere is projected across the surface with speed | ms“! at an angle of 20° to one of the 
walls and towards the intersection of the walls. The coefficient of restitution between the sphere 
and the walls is 0.4. Work out the speed and direction of motion of the sphere after: 


a the first collision 
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b the second collision 


¥COS @ = cos 20° 


Sidi caine x aa 


vsina _ O.4sin20° 


Elastic collisions in two dimensions 


{ Online } Explore successive oblique impacts 6) 


with a fixed surface using GeoGebra. 


veosa ~~ cos 20° 


tana = 0.4 tan 20° 


a 60° 


B=a+t 60°=66.26..° 


vcos 7 = 0.95 cos 66.26...° 


ig cto a | 


vsiny 
voosy — 


O04 x 0.95 sin 68.28...° 
0.95 cos 66.26..." 


Draw a separate diagram for the second collision. 
You don't have to draw it in the same orientation: 
it can sometimes help to rotate the diagram so 
you can see what is going on more clearly. 


tany = 1.004... 


7= 45.19 (3 s£) and vy = 0.498ms" (3 sf) 
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Exercise 


1 Two smooth vertical walls stand on a smooth horizontal surface and intersect at right angles. 
A smooth sphere is moving across the surface and bounces off each wall in turn. At the 
moment just before the first impact the sphere has speed 2 ms“! and is travelling at an angle of 
30° to the first wall. The coefficient of restitution between the sphere and each wall is 0.5. 
Work out the speed and direction of motion of the sphere after: 

a the first collision 
b the second collision, 


®) 2 Two smooth vertical walls stand on a smooth horizontal surface and intersect at right angles. 
A smooth sphere is moving in the xy-plane such that it collides with the first wall at a speed of 
1 ms! at an angle of 40° to the wall. The coefficient of restitution between the sphere and both 
walls is e. Given that after the first collision the sphere is moving at an angle of 20° to the wall, 
work out: 

a the speed of the sphere after the first collision 

b the value of e. 

The sphere then moves on to collide with the second wall. 

¢ Calculate the speed and direction of motion of the sphere after the second collision. 


3 Two smooth vertical walls stand on a smooth 
horizontal surface and intersect at right angles. 

A smooth sphere of mass 0.1 kg is moving in the 
xy-plane such that it collides with the first wall at a 
speed of 0.25 ms"! at an angle of 30° to the wall. 
The coefficient of restitution between the sphere and 
both walls is e. Given that after the first collision 

the sphere is moving with speed 0.23 ms~!, work out: 


a the direction in which the sphere is moving (2 marks) 

b the value of e. (2 marks) 

The sphere then moves on to collide with the second wall. 

¢ Calculate the kinetic energy of the sphere after the second collision. (6 marks) 
4 Two smooth vertical walls, W, and W,, stand Wa 


on a smooth horizontal surface and intersect 
at right angles. A smooth ball of mass 2 kg is 
moving in the xy-plane such that it collides 
with the first wall at an angle of 60° to the wall. 
The coefficients of restitution between the ball 
and the walls W, and W, are 0.75 and 0.6 
respectively. Given that immediately before 

the first collision the ball has kinetic energy of 9 J, work out: 


Ww, 60° 


a the speed and direction of motion of the ball after the first collision (4 marks) 
b the kinetic energy of the ball after the second collision. (4 marks) 
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across the floor and bounces off each wall in turn. Just before the first impact the sphere is 
moving with speed ums“! at an acute angle a to the wall. The coefficient of restitution between 
the sphere and wall is e. Find the speed and direction of motion of the sphere after the second 
collision. 


5 Two vertical walls meet at right angles at the corner of a room. A small smooth sphere slides 
©) 


© 6 Two smooth vertical walls stand on a smooth horizontal floor and intersect at an angle of 
30°. A particle is projected along the floor with speed ums“! at 45° to one of the walls and 
towards the intersection of the walls. The coefficient of restitution between the particle and 


gal 
each wall is 


Find the speed of the particle after one impact with each wall. 


7 Two vertical walls stand on a smooth horizontal surface and intersect at an angle of 45°. 

A smooth sphere is projected across the surface with speed 5 ms! at an angle of 30° to the first 

wall and towards the intersection of the walls. The coefficient of restitution between the sphere 

and both walls is 0.8. Work out the speed and direction of motion of the sphere after: 

a the first collision (4 marks) 

b the second collision. (4 marks) 

In reality the coefficients of restitution between the sphere and the first wall, e,, and the sphere 

and the second wall, e., may not be the same. 

¢ Without doing any further calculation, state how the speed and direction of motion of the 
sphere after the second collision would change if e, > 0.8. (1 mark) 


8 Two smooth vertical walls stand on a smooth horizontal surface and intersect at right angles, 
parallel with the vectors i and j. A small smooth sphere of mass m is moving with velocity 

(5i - 4j) ms“! when it hits one of the walls. It rebounds from the wall with velocity (Si + 2))ms"! 
and goes on to hit the second wall. The coefficients of restitution between the sphere and each 
wall are the same. Find: 


a the kinetic energy lost by the sphere in the collisions (5 marks) 
b the total angle through which the sphere is deflected in its motion. (3 marks) 


9 Two smooth vertical walls stand on a smooth 
horizontal surface and intersect at an angle 
of 120°. A smooth sphere of mass 0.1 kg 
is projected across the surface with speed 
2.5ms"! at an angle of 45° to one of the 
walls and towards the intersection of the 2.5ms! 
walls. The coefficient of restitution between hs\ rie 
the sphere and the walls is 0.6. 
a Work out the speed and direction of motion of the sphere after the first collision. (6 marks) 
The sphere then moves on to collide with the second wall. 


b Calculate the kinetic energy of the sphere after the second collision. (8 marks) 
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of 75°. A smooth sphere of mass 2 kg is projected across the surface with speed 10 ms"! at an 
angle of 30° to one of the walls and towards the intersection of the walls. The coefficient of 
restitution between the sphere and walls W, and W, is 0.7 and 0.5 respectively. Calculate the 
total kinetic energy lost by the sphere. (10 marks) 


Challenge 


Asquash player hits a ball towards the wall of a squash court. The ball is 
modelled as a particle projected horizontally at a speed of 20ms-!. The 
point of projection is 1m above the horizontal floor and 2.4m from the 
vertical wall. The ball travels in a vertical plane perpendicular to the wall and 
floor. The coefficient of restitution between the ball and each surface is 0.6. 


10 Two vertical walls W, and W, stand on a smooth horizontal surface and intersect at an angle 


1m 


a Find: 
i the distance of the ball from the wall when it bounces on the floor 
for the first time 
ii the maximum height reached by the squash ball after this first bounce. 
When a squash ball is heated up, the coefficient of restitution between the 
ball and a surface is increased. 


b State how heating the squash ball would affect your answers to part a. 


@® Oblique impact of smooth spheres 


You can solve problems involving the oblique impact Ancram: 

of two smooth spheres. ‘4 peer 
between two spheres is one in which 

The methods used to solve problems involving the two spheres are not travelling along 

the impact between a sphere and a fixed surface the same straight line. 


can be adapted to solve problems involving the 
impact of two spheres. 


At the moment of impact the two spheres . 
have a common tangent, which is perpendicular 


to the line through the centres of the two spheres. -**"Tine of centres 


= The reaction between the two spheres 
acts along the line of centres, so the 
impulse affecting each sphere also acts 
along the line of centres. 


‘common tangent 
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= The components of the velocities of the spheres perpendicular to the line of centres are 
unchanged in the impact. 


= Newton’s law of restitution applies to the components of the velocities of the spheres 
parallel to the line of centres. 


= The principle of conservation of momentum applies parallel to the line of centres. 
The principle of conservation of momentum also applies perpendicular to the line of centres, but 


as the components of velocity in this direction are unchanged you will not need to use this in your 
calculations. 


A smooth sphere A, of mass 2 kg and moving with speed 6ms" collides obliquely with a smooth 
sphere B of mass 4kg. Just before the impact B is stationary and the velocity of A makes an angle of 
60° with the lines of centres of the two spheres. The coefficient of restitution between the spheres is i. 
Find the magnitudes and directions of the velocities of A and B immediately after the impact. 


Problem-solving 


Start by drawing ‘before’ and ‘after’ 
diagrams, and identify all the 
components that you need to find. 


Before ---+ 


6ms1 


Since B is stationary before the impact it will be 
moving along the line of centres after the impact. 


wms7 


For motion perpendicular to line of centres: 


Component of velocity for A = 6 sinGO° = 3/3 


For motion parallel to the line of centres: 


2 x 6 cos60° = 2v + 4w 


6=2v+4w (1) 

w-v=3x 6 cos60° 

w-vs3 (2) 
Sow =3andv=4 
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| Speed of A is (V3)? + @? = |2ms~ at 


sretan( 20°) = 84.5° to the line of centres, and 


2 
speed of Bis 2ms- along the line of centres. 


A small smooth sphere A of mass | kg collides with a small smooth sphere B of mass 2 kg. 

Just before the impact A is moving with a speed of 4ms~! in a direction at 45° to the line of centres 
and B is moving with speed 3 ms“ at 60° to the line of centres, as shown in the diagram. 

The coefficient of restitution between the spheres is 3. Find: 

a the kinetic energy lost in the impact 

b the magnitude of the impulse exerted by 4 on B. 


3 4sin45°ms" 3sinGO°ms" 


yms7 wms? 


Parallel to the line of centres: 
1x 4 cos45°- 2x 3 cos60°= 2w-v 
2v2-3=2w-y (1) 


v+w= 32 48 (2) 
3w= nS a g 
we ne -Z= 10249 
vs24Z e220 


Total K.E. before impact 
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Speed of A after impact = \(2V2)? + 2.2214...2 


= 3.5964...ms"! 
Speed of B after impact = 


[ =\2 
(23) + 10249...2 = 2.7929...ms" 


Total KE. after impact = 4 x 1 x 3.5964...2 
+4x 2x 27929...2 = 14.267...J 


Total loss of KE. = 17 — 14.3 = 2.73 J (3 s.f) 


_b Impulse = change in momentum 
= 2(1,0249... — (-3. cos 60°)) 
= 5.05 Ns (3 sf) 


{ Watch out ) As energy is a scalar quantity 


the safest way to find the total loss (or the 
percentage loss) of kinetic energy is to 
consider the speed of each particle before 
and after the collision. 


The component of the momentur 


A smooth sphere A of mass 5 kg is moving on a smooth horizontal surface with velocity (2i + 3j)ms"!. 
Another smooth sphere B of mass 3 kg and the same radius as A is moving on the same surface with 
velocity (4i -— 2j)ms-!. The spheres collide when their line of centres is parallel to j. The coefficient of 
restitution between the spheres is 2 Find the velocities of both spheres after the impact. 


Before After 
: Lj 


4 


There is no change in the components of 
velocity perpendicular to the line of centres. 
Parallel to the line of centres: 

3x (-2)+5x3=3xs-5x1, 


{ Ontine ) Explore oblique impacts of ) 


smooth spheres using GeoGebra. 


Problem-solving 


The diagram helps you to understand the relative 
positions of A and B when they collide - if they 
were the other way round they would be moving 
apart. 


Conservation of momentum 


/ of restitution. 


9=3s-5t () 
s+1=3(24+3), s+1=3, 
|3s+3t=9 (2) 
>r=O0,s=3 


Velocity of A is 2ims~, and 
| 
velocity of B is (4i + 3j)ms". 
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Two small smooth spheres A and B have equal radii. The mass of A is 2mkg and the mass of B is 
3mkg. The spheres are moving on a smooth horizontal plane and they collide. Immediately before 
the collision the velocity of A is 5jms~! and the velocity of B is (3i - j) ms~'. Immediately after the 


collision the velocity of A is (3i + 2))ms-!. Find: 
a the speed of B immediately after the collision 


b a unit vector parallel to the line of centres of the spheres at the instant of the collision. 


a If the velocity of B after the collision is v then 
2m(5j) + 3m(3i — j) = 2m(3i + 2j) + 3mv 
3v = (9 — G)i+ 10-3 — A)j = 31 + 3j 
v=(it jms 
Speed of B= vy? +1? =V2ms" = 

b In the collision A receives an impulse of 
2m((3i + 2j) — 5j) = 2m(Bi - 3j) = Emi - j) No 
=> the line of centres is parallel to the unit 


Form a vector equation for conservation of 
momentum. € Section 1.3 


Speed = |v| 


The direction of the impulses on the 


"spheres is parallel to the line of centres. 


{ Watch out ) Note that in this example it 


is much simpler to form a single vector 


vector (i - j) 


v2 


equation for conservation of momentum 
than to find the components of the 
velocities parallel to and perpendicular to 
the line of centres. 


Exercise & 


1 A small smooth sphere A, of mass 2kg and moving with speed 6ms! collides obliquely with 
a small smooth sphere B of mass 4kg. Just before the impact B is stationary and the velocity 
of A makes an angle of 10° with the lines of centres of the two spheres. The coefficient of 
restitution between the spheres is i. Find the magnitudes and directions of the velocities of A 
and B immediately after the impact. 


2 A smooth sphere A, of mass 4kg and moving with speed 4 ms! collides obliquely with a 
smooth sphere B of equal radius and of mass 2 kg. Just before the impact B is stationary 
and the velocity of A makes an angle of 30° with the lines of centres of the two spheres. The 
coefficient of restitution between the spheres is i. Find the magnitudes and directions of the 
velocities of A and B immediately after the impact. 


3 A smooth sphere A, of mass 3 kg and moving with speed 5ms™ collides obliquely with a 
smooth sphere B of equal radius and of mass 4 kg. Just before the impact B is stationary 
and the velocity of A makes an angle of 45° with the lines of centres of the two spheres. The 
coefficient of restitution between the spheres is 3. Find the magnitudes and directions of the 
velocities of A and B immediately after the impact. 


112 


Elastic collisions in two dimensions 


fy 4 Asmall smooth sphere 4 of mass m and a small smooth sphere B of the same radius but mass 
E/P 2m collide, At the instant of impact, B is stationary and the velocity of A makes an angle @ with 
the line of centres. The direction of motion of A is turned through 90° by the impact. 
The coefficient of restitution between the spheres is e. Show that 


(8 marks) 


© 5 Two smooth spheres A and B are identical 

and are moving with equal speeds on a smooth 
horizontal surface. In the instant before impact, 
A is moving in a direction perpendicular to the 
line of centres of the spheres, and B is moving 
along the line of centres, as shown in the vmst 

diagram. The coefficient of restitution between 

the spheres is 2 Find the speeds and directions 

of motion of the spheres after the collision. (8 marks) 


© 6 Asmooth sphere A collides obliquely with an identical smooth sphere B. Just before the impact 
Bis stationary and the velocity of A makes an angle of a with the line of centres of the two 
spheres. The coefficient of restitution between the spheres is e(e 4 1). Immediately after the 
collision the velocity of A makes an acute angle of (3 with the line of centres. 

2tana 


a Show that tan 
l-e 


b Hence show that in the collision the direction of motion of A turns through an angle 
(1 +e) tana ) 


wi oanten( 20100 
sau saahay 2tara+l—-e 


® 7 Asmall smooth sphere A of mass 2 kg collides 
with a small smooth sphere B of mass 1 kg. 
Just before the impact A is moving with a 
speed of 3ms-! ina direction at 45° to the 
line of centres and B is moving with speed 
2ms"! at 60° to the line of centres, as shown 
in the diagram. The coefficient of restitution 


A (2kg) B(1kg) 


between the spheres is 2 Find: 
a the kinetic energy lost in the impact (8 marks) 
b the magnitude of the impulse exerted by 4 on B. (2 marks) 


(G) 8 A small smooth sphere A collides with an 
identical small smooth sphere B. Just before B(mkg) 
the impact A is moving with a speed of a SS ie 
3V2 ms“ in a direction at 45° to the line of 
centres and B is moving with speed 5 ms"! 
at an angle a to the line of centres, where 
tana = 4 as shown in the diagram. 


113 


Chapter 5 


10 


il 


114 


The coefficient of restitution between the spheres is z Find: 
a the speeds of both spheres immediately after the impact (6 marks) 
b the fraction of the kinetic energy lost in the impact. (3 marks) 


A smooth sphere A of mass 2 kg is moving on a smooth horizontal surface with velocity 

(4i- j)ms-!. Another smooth sphere B of mass 4kg and the same radius as A is moving on the 
same surface with velocity (2i + j)ms~!. The spheres collide when their line of centres is parallel 
to j. The coefficient of restitution between the spheres is 4 Find the velocities of both spheres 
after the impact. 


A smooth sphere A of mass 3 kg is moving on a smooth horizontal surface with velocity 

(i+ 3j)ms-!. Another smooth sphere B of mass | kg and the same radius as 4 is moving on 
the same surface with velocity (-4i + 2j)ms~!. The spheres collide when their line of centres 
is parallel to i. The coefficient of restitution between the spheres is 2 Find the speeds of both 
spheres after the impact. 


A smooth sphere A of mass | kg is moving on a smooth horizontal surface with velocity 

(2i + 3j)ms"'. Another smooth sphere B of mass 2 kg and the same radius as A is moving on 
the same surface with velocity (-i + j)ms~!. The spheres collide when their line of centres is 
parallel to i. The coefficient of restitution between the spheres is 2 Find the kinetic energy lost 
in the impact. 


Two small smooth spheres A and B have equal radii. The mass of A is mkg and the mass of B 
is 2mkg. The spheres are moving on a smooth horizontal plane and they collide. Immediately 
before the collision the velocity of A is (2i + 5j)ms~! and the velocity of B is (3i-j)ms"!. 
Immediately after the collision the velocity of A is (3i + 2j)ms-!. Find: 


a the velocity of B immediately after the collision (4 marks) 
b a unit vector parallel to the line of centres of the spheres at the instant of the 
collision. (2 marks) 


Two small smooth spheres A and B have equal radii. The mass of A is 3mkg and the mass of 
Bis mkg. The spheres are moving on a smooth horizontal plane and they collide. Immediately 
before the collision the velocity of A is (3i- 5j)ms“! and the velocity of B is (41+ j)ms!. 
Immediately after the collision the velocity of A is (4i - 4j) ms~!. Find: 

a the speed of B immediately after the collision (4 marks) 
b the kinetic energy lost in the collision. (3 marks) 


Two small smooth spheres A and B have equal radii. The mass of A is 2mkg and the mass of 
Bis mkg. The spheres are moving on a smooth horizontal plane and they collide. Immediately 
before the collision the velocity of A is (2i + 5j) ms! and the velocity of B is (2i-2j)ms“!. 
Immediately after the collision the velocity of A is (3i+ 4j)ms-!. Find: 

a the velocity of B immediately after the collision (4 marks) 
b the coefficient of restitution between the two spheres. (3 marks) 


Elastic collisions in two dimensions 


radius have masses 2 kg and | kg respectively. 
They are moving on a smooth horizontal plane 
when they collide. Immediately before the collision 
the speed of A is V5 ms“! and the speed of Bis 
v13 ms-!. When they collide the line joining their 
centres makes an angle a with the direction of 
motion of 4 and an angle @ with the direction of motion of B, where tana = ; and tan 3 = 3 

as shown in the diagram above. The coefficient of restitution between A and B is a 

Find the speed of each sphere after the collision. (6 marks) 


M4 15 Two smooth uniform spheres A and B of equal 


16 A smooth uniform sphere 4, moving on a smooth 
horizontal table, collides with an identical sphere 

B which is at rest on the table. When the spheres 
collide the line joining their centres makes an angle 
of 45° with the direction of motion of A, as shown 
in the diagram. The coefficient of restitution between 
the spheres is e. The direction of motion of A is deflected through an angle @ by the collision. 


l+e 
3-e (10 marks) 


Show that tan 6 = 


Asmooth uniform sphere B is at rest on a smooth horizontal =" 
plane, when it is struck by an identical sphere A moving on the ae 
plane. Immediately before the impact, the line of motion of the 4 
centre of A is tangential to the sphere B, as shown in the diagram 

above. The coefficient of restitution between the spheres is 5. 

The direction of motion of A is turned through an angle @ by 

the impact. 


Show that tan @ = ao 


Mixed exercise (5) 


1 A smooth sphere S is moving on a smooth horizontal plane with speed u when it collides with 
a smooth fixed vertical wall. At the instant of collision the direction of motion of S makes an 
angle of 45° with the wall. Immediately after the collision the speed of S is du. 
Find the coefficient of restitution between S and the wall. (4 marks) 


© 2 Asmall smooth ball of mass 5 tkgi is falling vertically. The ball strikes a smooth plane which is 
inclined at an angle a to the horizontal, where tana =. Immediately before striking the plane 
the ball has speed 5.2 ms~!. The coefficient of restituti n between the ball and the plane is 7 t 


Find: 
a_ the speed, to 3 significant figures, of the ball immediately after the impact (2 marks) 
b the magnitude of the impulse received by the ball as it strikes the plane. (2 marks) 
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vertical wall which contains the line x + y = 3. The velocity of the ball just before the impact is 


3 Asmall smooth ball of mass 500 g is moving in the xy-plane and collides with a smooth fixed 
9) (-4i - 2j)ms~. The coefficient of restitution between the sphere and the wall is 4 Find: 


a the velocity of the ball immediately after the impact (2 marks) 
b the kinetic energy lost as a result of the impact (3 marks) 
¢ the angle of deflection of the ball. (3 marks) 


4 A small smooth sphere is moving with velocity (6i + 3j) ms~! when it hits a smooth wall. 
It rebounds from the wall with velocity (2i- 2j) ms~!. Find the coefficient of restitution 
between the sphere and the wall. (8 marks) 


5 Two walls stand on a fioor and intersect at right angles. 
The walls and floor are modelled as smooth, A smooth 
sphere is moving across the surface and bounces off 
each wall in turn. At the moment just before the first 
impact the sphere has speed 2 ms“! at an angle of 30° 


to the wall. The coefficient of restitution between the dms? 

sphere and the walls is 0.5. Find the speed and a es sell 
direction of motion of the sphere after: 

a the first collision (4 marks) 
b the second collision. (4 marks) 


In reality the floor and the walls may not be smooth. 


¢ What effect will the model have had on the speed and direction of motion that you 
calculated in part b? (2 marks) 


6 Two smooth vertical walls stand on a smooth 
horizontal surface and intersect at right angles. 
A smooth ball is moving in the xy-plane such 
that it collides with the first wall at a speed of 
25ms"! at an angle of 60° to the wall. 

The coefficient of restitution between the ball 
and both walls is e. Given that after the first 
collision the ball is moving with speed 20m s~', 


a find the value of e. (4 marks) 
The ball then moves on to collide with the second wall. 
b Calculate the speed of the ball after the second collision. (4 marks) 
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Two vertical walls W, and W, stand on a smooth 

horizontal surface and intersect at an angle of 100°. 

A smooth sphere of mass 0.5 kg is projected across 

the surface with speed 3ms~! at an angle of 25° to Ws 
W, and towards the intersection of 3ms! 

the walls. The coefficients of restitution between 

the sphere and walls W, and W, are 0.2 and 0.4 25° 100° 
respectively. Wy, 


a Find the kinetic energy lost in the first collision. (5 marks) 
The sphere then moves on to collide with W3, 
b Find the speed and direction of motion of the sphere after the second collision. (4 marks) 


Two small smooth spheres 4 and B have equal radii. The mass of A is 4m kg and the mass of 
Bis mkg. The spheres are moving on a smooth horizontal plane and they collide. Immediately 
before the collision the velocity of A is (2i + 3j) ms"! and the velocity of Bis (3i-j)ms"!. 
Immediately after the collision the velocity of A is (3i+ 2j)ms-!. Find: 


a the velocity of B immediately after the collision (2 marks) 


b a unit vector parallel to the line of centres of the spheres at the instant of the collision. 
(3 marks) 


A smooth uniform sphere B is at rest on a smooth a 
horizontal plane, when it is struck by an identical 

sphere A moving on the plane. Immediately before sd 
the impact, the line of motion of the centre of A is 

tangential to the sphere B, as shown in the diagram 

above. The coefficient of restitution between the 

spheres is 2 The direction of motion of A is turned 

through an angle 4 by the impact. 


Show that tan @ = = (8 marks) 


A smooth uniform sphere A, moving on a smooth 

horizontal table, collides with a second identical 

sphere B which is at rest on the table. When the 

spheres collide the line joining their centres makes = *-**""" 4 inal 
an angle of a with the direction of motion of A, 

as shown in the diagram. The direction of motion 

of A is deflected through an angle @ by the collision. 

Given that tana = 3 and that the coefficient of restitution between the spheres is ¢, show that 


6+6e 
17-8e (8 marks) 


tand= 
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Chapter 5 


radius have masses 2 kg and 3 kg respectively. 2.5ms* 


They are moving on a smooth horizontal plane 
when they collide. Immediately before the collision = "f(a pr pe 
the speed of A is V2 ms“! and the speed of Bis 
2.5ms-!. When they collide the line joining their 
centres makes an angle a with the direction of 
motion of A and an angle (3 with the direction of 
motion of B, where tana = | and tan 3 = 3 as shown in the diagram, 
The coefficient of restitution between A and B is? 


vims! 


Find the speed of each sphere after the collision. (8 marks) 


12 A red ball is stationary on a rectangular billiard table OABC. It is then struck by a white 


ball of equal mass and equal radius moving with velocity u(-2i + 8j) ms“! where i and j are 

unit vectors parallel to OA and OC respectively. After the impact the velocity of the red ball is 
parallel to the vector (-i + j) and the velocity of the white ball is parallel to the vector (2i + 4j). 
Prove that the coefficient of restitution between the two balls is? (8 marks) 


13 Two uniform spheres, each of mass m and radius a, collide when 


moving on a horizontal plane. Before the impact the spheres 
are moving with speeds 2u and u, as shown in the diagram. ¥ 
The centres of the spheres are moving on parallel paths a 


21 
perpendicular distance Sa apart. = 


The coefficient of restitution between the spheres is 3 Find the speeds of the spheres just after 
the impact, and show that the angle between their paths is then equal to arctan 4 (10 marks) 


Challenge 


Two smooth vertical walls stand on a smooth horizontal surface and 

intersect at an angle of 45°. A smooth sphere of mass 0.5 kg is projected 

across the surface with speed 2 ms~ at an angle of @ to one of the walls 

and towards the intersection of the walls, where tan @ = x 

The coefficient of restitution between the sphere and the walls is + 

a Show that there will be exactly three collisions between the sphere 
and a wall. 


b Find the proportion of the initial kinetic energy that is lost in the 
three collisions. 
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Summary of key points 


p 1 Inan oblique impact between a smooth sphere and a smooth fixed surface: 


* The impulse on the sphere acts perpendicular to the surface, through the centre of the 
sphere. 


* The component of the velocity of the sphere parallel to the surface is unchanged. 
vcos3=ucosa 


+ You can use Newton’s law of restitution to find the component of the velocity of the 
sphere perpendicular to the surface. 


ysin = eusina 


impulse 


2 Inan impact between two spheres: 


-“ line of centres 


The reaction between the two spheres acts along the line of centres, so the impulse 
affecting each sphere also acts along the line of centres. 


The components of the velocities of the spheres perpendicular to the line of centres are 
unchanged in the impact. 


+ Newton’s law of restitution applies to the components of the velocities of the spheres 
parallel to the line of centres. 


The principle of conservation of momentum applies parallel to the line of centres. 
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Review exercise 


A smooth sphere S of mass m is moving 
on a smooth horizontal plane with speed 
u. It collides directly with another smooth 
sphere T, of mass 3m, whose radius is the 
same as S, The sphere T is moving in the 
same direction as S with speed qu. The 
sphere S is brought to rest by the impact. 
Find the coefficient of restitution between 
the spheres. (7) 
€ Section 4.1 


A smooth sphere S of mass m is moving 
with speed uw on a smooth horizontal 
plane. The sphere S collides with another 
smooth sphere 7, of equal radius to S 
but of mass km, moving in the same 
straight line and in the same direction 
with speed Au, 0 <A < }. The coefficient 
of restitution between S and Tis e. 


Given that S is brought to rest by the 
impact, 


1+ka 
a show that e =Ka-a (6) 
b deduce that k > 1. (3) 


€ Section 4.1 


A smooth uniform sphere S of mass m 
is moving on a smooth horizontal plane 
with speed u. The sphere collides directly 
with another smooth uniform sphere 

T, of the same radius as S and of mass 
2m, which is at rest on the plane. The 
coefficient of restitution between the 
spheres is e. 


a Show that the speed of 7 after the 
collision is tu(l +e). 


Given that e > i, 
b i find the speed of S after the 
collision (4) 
ii determine whether the direction 
of motion of S is reversed by the 
collision. (4) 


Section 4,1 


A particle P of mass 3m is moving with 
speed 2u in a straight line on a smooth 
horizontal table. The particle P collides 
with a particle Q of mass 2m moving with 
speed u in the opposite direction to P. 
The coefficient of restitution between P 
and Qise. 
a Show that the speed of Q after the 
collision is $u(9e +4). (5) 
Asa result of the collision, the direction 
of motion of P is reversed. 


b Find the range of possible values 
of e. 6) 
Given that the magnitude of the impulse 
«32 
of P on Q is > mu, 
¢ find the value of e. (4) 


Section 4.1 


A ball falls from rest and hits a smooth 
horizontal plane 2 seconds later. Given 
that the coefficient of restitution between 
the ball and the plane is as find the 
maximum height reached by the ball on 
its first bounce. (4) 


© Section 4.2 


Review exercise 2 


6 


A small sphere S is projected from a 
point P along a smooth horizontal plane 
towards a fixed vertical wall, which is 
perpendicular to the direction of motion 
of the sphere. S strikes the wall 2 seconds 
after it is projected, and passes through P 
again 3 seconds after that. 


a Find the value of the coefficient 
of restitution between the sphere and 
the wall. (3) 


b Without further calculation, state with 
justification how your answer to 
part a would change if the plane was 
rough. 


€ Section 4,2 


A ball B falls from rest from a cliff of 
height 50m onto horizontal ground. 
After rebounding the ball reaches a 
maximum height of 35m. 


a Find the value of the coefficient of 
restitution between the ball and the 
ground. (3) 

b Show that the exact time taken from 
the instant when the ball was dropped 
until the instant when it hits the 
ground for a second time is 
V5 + V14)s 


(4) 


© Section 4.2 


Two particles, A and B, of mass m and 
3m respectively, lie at rest on a smooth 
horizontal table. The coefficient of 
restitution between the particles is 0.25. 
A and B are moving towards each other 
at speeds of 7u and wu respectively and 
they collide directly. Find: 


a the speeds of 4 and B after the 


collision (7) 
b the loss in kinetic energy due to the 
collision. (2) 


© Sections 4.1, 4.3 


9 Two uniform smooth spheres A and B 


(2) 10 


® 


are of equal size and have masses 3m and 
2m respectively. They are both moving in 
the same straight line with speed u, but 
in opposite directions, when they are in 
direct collision with each other. Given 
that A is brought to rest by the collision, 
find: 


a the coefficient of restitution between 
the spheres (6) 
b the kinetic energy lost in the impact. (3) 


€ Sections 4.1, 4.3 


A smooth sphere A of mass m is moving 
with speed w on a smooth horizontal table 
when it collides directly with another 
smooth sphere B of mass 3m, which 

is at rest on the table. The coefficient 

of restitution between A and Bis e. 

The spheres have equal radius and are 
modelled as particles. 


a Show that the speed of B immediately 
after the collision is +d +e)u (5) 
b Find the speed of A immediately after 
the collision. (2) 
Immediately after the collision the total 
kinetic energy of the spheres is te 


¢ Find the value of e. (6) 
d Hence show that 4 is at rest after the 

collision. (1) 

€ Sections 4.1, 4.3 


A train engine of mass 8 tonnes is 
moving at 4ms-! when it hits a carriage 
of mass 12 tonnes which is at rest. After 
the impact, the engine and the carriage 
move off together with speed 1.5ms"' 

in the direction in which the engine was 
originally moving. Calculate the total loss 
of kinetic energy due to the impact. (4) 


© Section 4.3 
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Review exercise 2 


12 Two particles, P and Q, of masses 0.05kg 
and 0.25kg respectively, are connected by 
a light inextensible string. P is projected 
with speed 2ms“ directly away from Q. 
When the string becomes taut, particle 

Q is jerked into motion and P and Q 
then move with a common speed in 

the direction in which P was originally 
moving, Find the loss of total kinetic 
energy due to the jerk. (10) 


© Section 4.3 


Two small spheres A and B have masses 

3m and 2m respectively. They are moving 

towards each other in opposite directions 

on a smooth horizontal plane, both with 

speed 2u, when they collide directly. As 

a result of the collision, the direction of 

motion of B is reversed and its speed is 

unchanged. 

a Find the coefficient of restitution 
between the spheres. 

Subsequently, B collides directly with 

another small sphere C of mass 5m which 

is at rest. The coefficient of restitution 

between B and Cis 3 

b Show that, after B collides with C, 
there will be no further collisions 
between the spheres. 


7%) 


”) 


© Sections 4.1, 4.4 


A smooth sphere P of mass 2m is moving 
in a straight line with speed uv ona 
smooth horizontal table. Another smooth 
sphere Q of mass m is at rest on the table. 
P collides directly with Q. The coefficient 
of restitution between P and Q is . The 
spheres are modelled as particles. 

a Show that, immediately after the _ 
collision, the speeds of P and Q are Zu 
and Su respectively. (7) 

After the collision, Q strikes a fixed 

vertical wall which is perpendicular to 

the direction of motion of P and Q. The 
coefficient of restitution between Q and 
the wall is e. When P and Q collide again, 

P is brought to rest. 


© 15 


CP) 16 


b Find the value of e. (7) 
¢ Explain why there must be a third 
collision between P and Q. () 


© Sections 4,1, 4,2, 4.4 


Two small smooth spheres, P and Q, of 
equal radius, have masses 2m and 3m 
respectively. The sphere P is moving with 
speed Sw on a smooth horizontal table 
when it collides directly with Q, which 

is at rest on the table. The coefficient of 
restitution between P and Qis e. 


a Show that the speed of Q immediately 
after the collision is 2(1 + e)u (5) 


After the collision, Q hits a smooth 
vertical wall which is at the edge of the 
table and perpendicular to the direction 
of motion of Q. The coefficient of 
restitution between Q and the wall is /, 
0<f<l. 
b Show that, when e = 0.4, there is a 
second collision between P and Q. (3) 
Given that e = 0.8 and there is a second 
collision between P and Q, 
¢ find the range of possible values of f- 
QB) 


€ Sections 4.1, 4.2, 4.4 


A particle A of mass 2m, moving with 
speed 2u in a straight line on a smooth 
horizontal table, collides with a particle B 
of mass 3m, moving with speed w in the 
same direction as A. The coefficient of 
restitution between A and Bis e. 


a Show that the speed of B after the 
collision is 


tu(7 +20) (6) 
b Find the speed of A after the collision, 


in terms of wand e. (2) 
The speed of A after the collision is thu. 
c Show that e= 3 (2) 


Review exercise 2 


@)17 


@) 18 


19 


At the instant of collision, A and B are at 
a distance d from a vertical barrier fixed 
to the surface at right-angles to their 
direction of motion. Given that B hits 
the barrier, and that the coefficient of 
restitution between B and the barrier is a 
d find the distance of A from the barrier 
at the instant that B hits the barrier (4) 
e show that, after B rebounds from the 
barrier, it collides with A again at a 
distance 3d from the barrier. 


(4) 


© Sections 4.1, 4.2, 4.4 


A ball is dropped from a height of 2m 
onto a smooth horizontal plane. The 


coefficient of restitution between the ball 21 


and the plane is 0.8. 


a Modelling the ball as a particle, find 
the total distance travelled by the ball 
before it comes to rest. (10) 


b Criticise this model with respect to the 
number of times the ball bounces. (1) 


€ Section 4.4 


Three small smooth spheres A, B and C 
of masses m, 2m and 3m respectively lie 
in order in a straight line on a smooth 
horizontal surface. The coefficient of 
restitution between A and B is 0.7 and the 
coefficient of restitution between B and 
Cis 0.4. Sphere A is projected towards 
sphere B with speed 4ms"'. Show that 
exactly two collisions will occur. (12) 


© Section 4.4 


A smooth uniform sphere S of mass 
mis moving on a smooth horizontal 
plane when it collides with a fixed 
smooth vertical wall. Immediately 
before the collision, the speed of Sis U 
and its direction of motion makes an 
angle a with the wall. The coefficient of 
restitution between S and the wall is e. 


Find the kinetic energy of S immediately 
after the collision. (6) 
Section 5.1 


é 


@/P) 22 


© 


20 A small ball is moving on a horizontal 
plane when it strikes a smooth vertical 
wall. The coefficient of restitution between 
the ball and the wall is e. Immediately 
before the impact the direction of motion 
of the ball makes an angle of 60° with the 
wall. Immediately after the impact the 
direction of motion of the ball makes an 
angle of 30° with the wall. 

a Find the fraction of the kinetic 
energy of the ball which is lost in the 
impact. 

b Find the value of e. 


(6) 
(4) 


Section 5.1 


A smooth sphere slides across a smooth 
horizontal plane, striking a vertical wall 
with a speed of V3v and at an angle 

of @ to the wall. After striking the wall 
the sphere moves at right-angles to its 
original direction of motion with speed v. 
a Find the value of 6. (3) 


b Show that the coefficient of restitution 
between the sphere and the wall is + (4) 


© Section 5.1 


A small smooth ball is dropped from 
a height of 20m above a plane that is 
inclined at an angle of @ to the horizontal, 


where tan@ = = Immediately after the 
V 


impact the ball has speed 15ms*'. Find 
the coefficient of restitution between the 
ball and the plane. (6) 


© Section 5.1 


23 A smooth sphere of mass 0.5kg is 

moving with velocity (3i + 2))ms when 

it hits a smooth wall. It rebounds with 

velocity (2i—j)ms~'. Find: 

a the magnitude and direction of the 
impulse received by the sphere (3) 

b the kinetic energy lost in the collision. 


G3) 


Section 5.1 
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Review exercise 2 


The figure represents the scene of a road 
accident. A car of mass 600kg collided at 
the point ¥ with a stationary van of mass 
800kg. After the collision the van came 
to rest at the point A having travelled 

a horizontal distance of 45m, and the 
car came to rest at the point B having 
travelled a horizontal distance of 21 m. 
The angle AB is 90°. 


The accident investigators are trying to 
establish the speed of the car before the 
collision and they model both vehicles as 
small spheres. 


a Find the coefficient of restitution 
between the car and the van. (5) 
The investigators assume that after the 
collision, and until the vehicles came to 
rest, the van was subject to a constant 
horizontal force of 500.N acting along AY 
and the car to a constant horizontal force 
of 300N along BY. 
b Find the speed of the car immediately 
before the collision. (9) 


© Section 5.3 


Two smooth vertical walls stand on a 
smooth horizontal surface and intersect 
at right angles. A smooth sphere of 
mass 0.8 kg is moving across the surface 
such that it collides with the first wall at 
a speed of zms! at an angle of 45° to 
the wall. The coefficient of restitution 
between the sphere and both walls is 

e. After the first collision, the sphere is 
moving with speed 3ms". 
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Find: 

a the direction in which the sphere is 
moving after the first impact (2) 

b the value of e (2) 


The sphere then moves on to collide with 

the second wall. 

e Calculate the kinetic energy of the 
sphere after the second collision. (6) 


Section 5.2 


Two vertical walls stand on a smooth 
horizontal surface and intersect at an 
angle of 80°. A smooth sphere of mass 
0.3 kg is projected across the surface with 
speed 2ms"' at an angle of 30° to one of 
the walls and towards the intersection of 
the walls. The sphere then collides with 
both walls. The coefficient of restitution 
between the sphere and the walls is 0.6. 


Work out the total kinetic energy lost 
during the two collisions. 


(8) 


Section 5.2 


Two smooth vertical walls. W, and W,. 
stand on a smooth horizontal surface and 
intersect at right angles. A small smooth 
sphere is moving with speed 4 m s“' when 
it hits W, at an angle of 60°. It rebounds 
from the wall with speed 3 m s“! and goes 
on to hit W,. 

Wy 


A 


a Find the coefficient of restitution 
between the sphere and W,. 


(4) 


Review exercise 2 


G29 


Assuming that the coefficient of restitution 

between the sphere and W, is 0.35, 

b work out the speed of the sphere and 
direction in which it is moving after it 
collides with W3. (6) 


Section 5.2 


Two smooth vertical walls stand on a 

smooth horizontal surface and intersect 

at right angles. A small smooth sphere 

of mass m is moving with velocity 

(4i + 3j) ms“! when it hits one of the walls. 

It rebounds from the wall with velocity 

(i+ 3j)ms" and goes on to hit the 

second wall. Given that the coefficient 

of restitution between the sphere and 

each wall is the same, find the total 

kinetic energy lost by the sphere in both 

collisions. (8) 
€ Section 5.2 


Two smooth vertical walls, W, and W,, 
stand on a smooth horizontal surface and 
intersect at an angle of 110°. A smooth 
sphere of mass 1.6kg is projected across 
the surface with speed 1.5ms"! at an 
angle of 30° to wall W, and towards the 
intersection of the walls. The coefficient 
of restitution between the sphere and wall 
W, is 0.8. 


1.5ms! 


eed 


a Work out the speed and direction of 
motion of the sphere after the first 
collision. 

The sphere then moves on to collide 

with W,. Given that after the second 

collision, the sphere has kinetic energy 
1.35J, 

b work out the coefficient of restitution 
between the sphere and wall W3. (8) 

# Section 5.2 


W, 


(6) 


smooth horizontal surface and intersect 
at an angle of 100°. A smooth sphere of 
mass 1.7kg is projected across the surface 
with speed 8 ms"! at an angle of 25° to 
wall W, and towards the intersection of 
the walls. The coefficient of restitution 
between the sphere and walls W, and W, 
is 0.6 and 0.7 respectively. 


&” Two vertical walls W, and W, stand on a 


Calculate the total kinetic energy lost by 
the sphere. 


(10) 


€ Section 5.2 


@) 31 


A small ball Q of mass 2m is at rest at the 
point B on a smooth horizontal plane. A 
second small ball P of mass m is moving 
on the plane with speed pu and collides 
with Q. Both the balls are smooth, 
uniform and of equal radius. The point 
Cis on a smooth vertical wall W which 
is at a distance d, from B, and BC is 
perpendicular to W. A second smooth 
vertical wall is perpendicular to W and at 
a distance d, from B. Immediately before 
the collision occurs, the direction of 
motion of P makes an angle a with BC, 
as shown in the figure, where tana = +. 
The line of centres of P and Q is parallel 
to BC. After the collision Q moves 
towards C with speed 3u. 


a Show that, after the collision, the 
velocity components of P parallel and 
perpendicular to CB are tu and ju 
respectively. 


(4) 
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Review exercise 2 


b Find the coefficient of restitution 


Fy 33 
between P and Q. (2) Ep) 


¢ Show that when Q reaches C, P is ata 

distance 4d, from W. (3) 
For each collision between a ball and a 
wall the coefficient of restitution is 4 


Given that the balls collide with each 
other again, 


d_ show that the time between the two 


” _ 15d, 
collisions of the balls is =j— 


(4) 
(5) 


© Section 5.3 


e find the ratio d,:d, 


Two smooth uniform spheres A and B, 
of equal radius, are moving on a smooth 
horizontal plane. Sphere A has mass 2kg 
and sphere B has mass 3 kg. The spheres 
collide and at the instant of collision 

the line joining their centres is parallel 

to i. Before the collision A has velocity 
(3i - j)ms"! and after the collision it has 
velocity (-2i- j)ms"'. Before the collision 
the velocity of B makes an angle a with 
the line of centres, as shown in the 
figure, where tana = 2. The coefficient of 
restitution between the spheres is }. 


Find, in terms of i and j, the velocity of 
B before the collision. (9) 


© Section 5.3 
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A smooth uniform sphere R is at rest on a 
smooth horizontal plane, when it is struck 
by an identical sphere Q moving on the 
plane. Immediately before the impact, 

the line of motion of the centre of Q is 
tangential to the sphere R, as shown in 
the figure. The direction of motion of Q 
is turned through 30° by the impact. 


Find the coefficient of restitution between 
the spheres. 


qt) 


Section 5.3 


A smooth sphere P lies at rest on a 
smooth horizontal plane. A second 
identical sphere Q, moving on the plane, 
collides with P. Immediately before the 
collision the direction of motion of O 
makes an angle a with the line joining the 
centres of the spheres. Immediately after 
the collision, the direction of motion of 
Q makes an angle / with the line joining 
the centres of the spheres, as shown in 
the figure. The coefficient of restitution 
between the spheres is e. 


Show that (1 - e)tanf =2tana (11) 
Section 5.3 
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@®) 36 


2.5ms" 


Two smooth uniform spheres A and B 

of equal radius have masses 2 kg and 

1 kg respectively. They are moving on 

a smooth horizontal plane when they 

collide. Immediately before the collision 

the speed of A is 2.5ms" and the speed 
of Bis 1.3ms~'. When they collide, the 

line joining their centres makes an angle a 

with the direction of motion of A and an 

angle f with the direction of motion of B, 

where tana = 4 and tanf= 2 as shown 

in the figure. 

a Find the components of the velocities 
of A and B perpendicular and parallel 
to the line of centres immediately 
before the collision. (4) 

The coefficient of restitution between A 

and Bis } 

b Find, to one decimal place, the speed 
of each sphere after the collision. (9) 


Section 5.3 


A small smooth uniform sphere S is at 
rest on a smooth horizontal floor at a 
distance d from a straight vertical wall. 
An identical sphere T is projected along 
the floor with speed U towards S and in 


GP) 37 


a direction which is perpendicular to the 
wall. At the instant when T strikes S the 
line joining their centres makes an angle a 
with the wall, as shown in the figure. 

Each sphere is modelled as having 

negligible diameter in comparison with d. 

The coefficient of restitution between the 

spheres is e. 

a Show that the components of the 
velocity of T after the impact, parallel 
and perpendicular to the line of 
centres, are su —e)sina and Ucosa 
respectively. (o) 

b Show that the components of the 
velocity of T after the impact, parallel 
and perpendicular to the wall are 
su +e)cosasina and 
4uR — (1 + e)sin’ a] respectively. (6) 

The spheres S and T strike the wall at the 

points A and B respectively, 

Given that e = 2 and tana = 2 

¢ find, in terms of d, the distance AB. (5) 


€ Section 5.3 


A smooth uniform sphere A has mass 

2mkg and another smooth uniform 

sphere B, with equal radius to A, has 

mass mkg. The spheres are moving on 

a smooth horizontal plane when they 

collide. At the instant of collision the 

line joining the centres of the spheres 

is parallel to j. Immediately after the 

collision, the velocity of A is (3i-j)ms" 

and the velocity of B is (2i+ j)ms™'. The 

coefficient of restitution between the 

spheres is 4 

a Find the velocities of the two spheres 
immediately before the collision. (7) 

b Find the magnitude of the impulse in 
the collision. (2) 

c Find, to the nearest degree, the angle 
through which the direction of motion 
of A is deflected by the collision. (4) 

€ Section 5.3 
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fy 38 Two small spheres A and B, of equal size 
and of masses m and 2m respectively, are 
moving initially with the same speed U on 
a smooth horizontal floor. The spheres 
collide when their centres are on a line 
L. Before the collision the spheres are 
moving towards each other, with their 
directions of motion perpendicular to 
each other and each inclined at an angle 
45° to the line L, as shown in the figure 
below. The coefficient of restitution 
between the spheres is} 


U : 


L 


a Find the magnitude of the impulse 
which acts on 4 in the collision. (9) 


——————. + 


wall 


Wa 


The line Z is parallel to and a distance d 
from a smooth vertical wall, as shown in 
the second figure. 

b Find, in terms of d, the distance 
between the points at which the 
spheres first strike the wall. (5) 

© Section 5.3 
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39 Two smooth uniform spheres A and B 


have equal radii. Sphere A has mass m 
and sphere B has mass km. The spheres 
are at rest on a smooth horizontal table. 
Sphere A is then projected along the 
table with speed w and collides with B. 
Immediately before the collision, the 
direction of motion of A makes an angle 
of 60° with the line joining the centres 
of the two spheres. The coefficient of 
restitution between the spheres is ; 


a Show that the speed of B immediately 


3u 
A(k +1) © 
Immediately after the collision the 
direction of motion of A makes an angle 
arctan (2V3) with the direction of motion 
of B. 


after the collision is 


b Show that k =4 (9) 

¢ Find the loss of kinetic energy due 
to the collision. (4) 
Section 5.3 


Review exercise 2 


Challenge 


1 Two balls 4 and B of equal mass, lie on a smooth horizontal plane between two smooth, parallel, vertical 
walls W, and W, that lie /m apart. Ball A is initially in contact with W, and ball Bis initially in contact 
with W,. The balls are projected towards each other at right-angles to the walls, such that A has speed 
6ums~ and B has speed 5ums~. The balls collide directly, and the coefficient of restitution between the 
balls is e. Show that the total time taken, in seconds, before ball A comes into contact with W, again is 
given by 


Ke+) + Section 4.1 
u(1le-1) 


2 Aballis projected at a speed of 10ms“ from a point A on a smooth vertical wall W, across a smooth 
horizontal surface. It travels in a perpendicular direction to W, before striking a second parallel wall W, 
which lies a distance 10 m from W,. 


10ms* 


10m 
Ww, We 


a Given that the coefficient of restitution between the sphere and each wall is 0.8 find: 
the time taken for the sphere to first return to A 


the further time taken for the sphere to return to A a second time. 


b Find the total time taken from the moment the ball is projected to the time when it returns to A for 
the 20th time, and its speed at that moment. 


¢ Criticise the model with respect to your answer to part b. Section 4.2 


3 A ball is dropped from a height of 5m and bounces on a smooth plane inclined at an angle of @ to the 
horizontal, where sin @ = 2. 


Given that the coefficient of restitution between the ball and the plane is 0.5, and taking g = 10ms~, 


a find the distance between the point at which the ball bounces for the first time and the point at which 
it bounces for the second time 


b show that the ball loses 48% of its kinetic energy in the first bounce, but only 7.5% of its kinetic energy 
in the second bounce, and briefly justify the difference. € Sections 5.1, 5.2 
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Exam-style practice 


Further Mathematics 
AS Level 
Further Mechanics 1 


Time: 50 minutes 
You must have: Mathematical Formulae and Statistical Tables, Calculator 


1 


1 A ball of mass 2.5kg is dropped from a height of 12m, and is travelling at a speed of 10ms"' 
immediately before it hits the ground. The falling ball is subject to air resistance, which is 
modelled as a constant force of magnitude RN. 

a Find: 
i the work done by air resistance 
ii the magnitude of R. (4) 
The model for air resistance is refined so that it is modelled as a variable force of magnitude 
(10 + 0.21") N, where vyms" is the speed of the ball. 
b Find the maximum possible velocity of the ball according to the new model. (2) 


2 A train engine of mass 5000kg pulls a carriage of mass 10000kg with constant speed vms™! 
along a track that is angled at @ to the horizontal, where sin@ = > The engine is working at a rate 
of 40kW. The resistance to motion from non-gravitational forces has magnitude 2500 N. 

Find the value of v. (5) 


3 Two particles, A and B, of equal radius, lie at rest on a smooth horizontal table. A has mass 2m 
and B has mass m. Particle A is projected towards B with speed 2ms"' and collides directly with 
B. The coefficient of restitution between the particles is 0.8. 

a Find the velocities of A and B after this collision. (7) 
b Given that 0.36J of kinetic energy is lost during the collision, work out the value of m. (4) 


4 A particle of mass mkg lies on a smooth horizontal surface between a pair of fixed parallel 
vertical walls W, and W, that are a distance of /m apart. Initially the particle is at rest and in 
contact with W,. At time ¢ = 0 the particle is projected from W, with speed ums" in a direction 
perpendicular to the walls. The coefficient of restitution between the particle and each wall is e. 
The magnitude of the impulse on the particle due to the first impact with a wall is ANs. 


a Show that 4 = mu(1 + e). (4) 
After bouncing off W,, the particle returns to W, at time T's. 
1 


b Show that T= =(e + 1). (4) 


5 Three balls, A, Band C, of equal radius and masses of mkg, 2mkg and 3mkg respectively, lie at 
rest in a straight line on a smooth horizontal table. Ball A is projected towards ball B with speed 
3ms". The coefficient of restitution between each pair of balls is 0.9. Show that there are exactly 
two collisions. (10) 


eu! 
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Further Mathematics 
A Level 
Further Mechanics 1 


Time: 1 hour and 30 minutes 
You must have: Mathematical Formulae and Statistical Tables, Calculator 


1 A particle P of mass 6kg is travelling along rough horizontal ground when it collides with a 
particle O of mass 4kg. Immediately before the collision P is travelling with a speed of 2.5ms"'. 
After the collision the two particles coalesce. 


a State the coefficient of restitution between the two particles. (65) 
b Find the speed of the combined particles immediately after the collision. (2) 
e Calculate the kinetic energy lost in the collision. (3) 


d Given that combined particles come to rest after travelling 2m, find the coefficient of friction 
between the particles and the ground. (3) 


2 Acar of mass 1400kg is moving along a straight horizontal road. When the car is travelling at a 
speed of vms“', its total non-gravitational resistances to motion are modelled as a variable force 
of magnitude (120 + 2v*) N. 

The engine of the car is working at a constant rate of 20kW. 
a Find the acceleration of the car at the instant when v = 16. (4) 


The car now travels downhill on a straight road at an angle of 6° to the horizontal. The driver 
wishes to maintain a constant speed of 20ms"!. 


b Show that the driver will need to brake to maintain this speed. (3) 
The driver places the car in neutral so that it freewheels with no driving force and no braking 
force. 

¢ Find the maximum speed of the car. (4) 


3 A ball of mass mkg is dropped from a vertical height of m above a smooth plane that is 
inclined at an angle @ to the horizontal, where tan@ = 3. 
The coefficient of restitution between the ball and the plane is e. 


Given that the ball loses half of its kinetic energy on impact with the plane, find the value of e. 
(9) 


4 A football of mass 0.2 kg is travelling with velocity (Si— 2j)ms~' when it receives an impulse of 
PN. Immediately afterwards its velocity is (8i + 4j)ms"!. Find: 


a the magnitude of P 
b the angle between P and i. (5) 
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Exam-style practice 


5 Anelastic string has natural length 1.2m and modulus of elasticity 15 N. One end is fixed at a 
point P on a horizontal ceiling. A ball of mass 0.25 kg is attached to the free end and hangs in 
equilibrium at the point Q, vertically below P. 


a Find the distance PQ. (3) 
The string is then stretched to a length of 1.9m. 

b Calculate the work done in stretching the string from the equilibrium position. (4) 
The ball is released. 

¢ Find the speed of the ball as it passes through Q. (3) 
d Show that in the subsequent motion the ball will not hit the ceiling. (6) 


6 Three balls, P, Q and R, of equal radius and with masses of 3kg, 1 kg and 2kg respectively, lie at 
rest in a straight line on a smooth horizontal table. Ball P is projected towards ball Q with speed 
3ms". The coefficient of restitution between each pair of balls is e. After the initial collision Q 
has 3.645 J of kinetic energy. 


a Work out: 

i the velocities of P and Q after the collision 

ii the value of e. (6) 
Q then moves on to collide with R. 
b Find the kinetic energy lost in the subsequent collision. (8) 
¢ State whether or not P and Q collide again. You must justify your answer. (2) 


7 Asmooth sphere S is moving on a smooth horizontal plane with speed wu when it collides with 
a smooth fixed vertical wall. At the instant of collision, the direction of motion of S makes an 
angle of 60° with the wall. Immediately after the collision S has a speed of jeu ms" and its 
direction of motion makes an angle of a with the wall. 

a Find: 


i the value of a 
ii the coefficient of restitution between S and the wall. (4) 
S then moves on and collides obliquely with another smooth sphere 7 of equal mass and radius. 
Immediately before the impact T is stationary and the velocity of S makes an angle of a with 
the lines of centres of the two spheres, where a is the angle found in part ai. The coefficient of 
restitution between the spheres is 3. 
b Find the speeds of S and T immediately after the collision in terms of u, and the angle the 
velocity of each sphere makes with the line of centres. (5) 
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CHAPTER 1 
Prior knowledge 1 
1 2V17 Nat 14° abovei 


2 a 5.5ms* b 6m 
3 3.2N 


Exercise 1A 
1 30ms* 2 25ms? 3ms* 
4 65ms" 5 330Ns(@ dp) 


Exercise 1B 


a gms! b §Ns 
a ims" and direction unchanged 
b 15Ns 
6 10 
7 a 2H; direction reversed 
b smu 
8 Larger 8ms~' and smaller 4ms-! 


9 a3 py) 2 


2 
10 a 3mst b 45 
11 a 4ms* in same direction 
b 3ms" in opposite direction 


12 a 3ms" b 6kg 

Challenge 

pp = 3m pj _ 3mlls 

& 3 a 

9mu, Sa Quy 

foo y= 

Exercise 1€ 
(441 - 24) ms 2 (81+ 8))ms* 
(i- 2j)ms* 4 (3i-4j)ms* 


1 
3 

5 (18i- 24j)Ns, (7i- 7j)ms* 

6 (10i- 5j) Ns, (251 + 2j)ms* 

7 ciZt 1AaNe 8 (61+ 4.5p)Ns 

Lf a= 37° (nearest degree) 

10 lols re 2.24 (3 s.f) a= 27° (nearest degree) 
11 6 or 19.0Ns (3 s.f.) 

12 (-5i+ 30j)ms* 

13 v= (14i + 20j)ms* 

18° (nearest degree) 


Challenge 
T= m(c- a)i + mid - b)j ; tan45 


aiised exercise ‘a 


a }u=v, direction reversed 
b 6mu 

2 a 14ms* b mst © 0.75m (2 sf.) 
d 


e.g. The pile driver is likely to bounce slightly so the 
particles will not coalesce; the pile driver is much 
heavier than the pile so the particles will behave as 
if they coalesce. 


3 a 2000 b 36m 

4 a 1.75ms* b 0.45Ns 

5 a 2.5ms' b 15000Ns 

6 a 0.7ms! b unchanged = ¢ 8.25Ns 


Answers 


73 
8 a 7.5ms* b 11000 (2 s.f.) 
ec Rcould be modelled as varying with speed. 
9  26Ns, 23°(nearest degree) 
10 213jms" 
11 7i+ 56j 
12 a 61ms* b (68i + 23j)ms* 
Challenge 


Using equations for impulse 
Q changes direction after impact: 
v 
Amv + u) = m(u-v) so k=4>8 
2 P changes direction after impact 
km(u—v) = mlv + u) so k= 422 
ak must be positive so u>v 


b k= ge : g then Q changes direction after impact. 


k= Gt Q then P changes direction after impact. 


CHAPTER 2 

Prior knowledge 2 

1 a 107N(3s.£) 
¢ 40.2m(3s.f) 

2 0.58(2d.p.) 


b 3.22ms*(3s.f) 


Exercise 2A 

2.52J 2 8.5N 

588J 5 330J 

38.3m (3 s.f.) 

a 228) (3s.f) 

b Assumption that there is no frictional force between 
sled and ice, reasonable assumption as coefficient 
of friction with ice will be very low. 

9 0.255 (3 s.f.) 

10 64.7) (3 s.f.) 

11 23400J (3 s.f.) 

12 281) (3s.f) 

13 2.48] (3 s.f.) 

14 a 217N(3sf) b 326J(3s.f) 

15 0.559 (3 s.f.) 

16 112J(3s.f) 


3 24.0) (3s.f) 
6 73.5 


ON 


ec 4523 (3s.f) 


17 a 35.33 (3 b 16.5) (3 s.f) 
e¢ 7.19ms* (3 s.f) 

Exercise 2B 

1 a 338J(3sf) b 63 © 500J 
d 200J e 160000) 


Order: e, ¢, d, a, b 
2 a 44.1J, gain b 8085), gain 
e¢ 220504, loss d 341044, loss 
76.8J 4 1687505 58 
4.53ms" (3 s.f.) 
a 728) (3s.f) 
b No air resistance. Valid for low speeds but not large 
speeds. 
8 a 11.8) (3s.f) b 4.85) (3 s.f) 
9 384000J (3 s.f.) 
10 a 65625) 
11 a 20.0m(3s.f) 


Challenge 


1 a KE. = 48.00, P.E. = -48.0¢%, measured from the top 
of the cliff. 


b KE. + PE. = 4,90? - 4.92 =0 


Naw 


b 1837500J 
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Answers 


Exercise 2C Challenge _ 
1 a 274J(3s£) b 11.7ms*(3s.) a 588000singW f 
2 a 36) b 363 © 735m b When @= 0°, no force to act against so no power 
3 a 5633(3sf) b 56.33(3sf) ¢ 5.63m(3 sf) required, When @ = 90°, maximum power is needed. 
4 a 96) b 9.6) © 0.350 
5 a 54) b 54) ¢ 459m CHAPTER 3 
6 9.90ms" (3 5.) 
7 204m(3s.f) Prior knowledge 3 a 
8 10.6(3s.) 1 F=2/7N,tano=9% 2 pad 
9 250000N (or 250KN) 2 g 
10 a 0.075m (or 75mm) 3 PQ=2.55m(3s.f) 

b It could depend on the speed of the bullet. 
1a 56.2338.) b 56.2 (3 s.£) 

3s 
¢ 4.74ms"(3s.f) 5: dm e avim 


12 0.408 (3 s.f.) 

13 8.27 (3s.f) 

14 7.94ms" (3 s.f.) 
15 2.33m (3 s.f.) 


3 131m(3s.£) 4 me 


16 a 29.3ms"(3s.f) b 9.575 (35.0) 
ce 0.354N (3s.f.) m0) 
17 a 284N OS 
b Resistive forces could depend on speed. Ww 
18 128N(3s.f) 
19 11.8m (3 s.f.) a 
Challenge b Ifthe spring is not light then in effect the mass 
1130ms" (3 s.£) would increase, the extension would increase and 
. hence the distance of the particle below the ceiling 
Exercise 2D would increase. 
1 18kW 8 a 14.7N b 2.7m(2s.f) 
2 15000W (or 15kW) 9g il 
3 278N 4 
4 25ms" 10 a Im b 0.58m (2s) © 17N(2s.) 
5 a 20000W (or 20kW) 11a 39N(2s.f) b 0.96m(2s.f) 
b_ Typically resistance increases with velocity. 
& BON Exercise 3B 
7 a 110ms* ~ b 0.294ms* c¢_ 25.7ms* aa Gene oe 
8 11400W (or 11.4kW) Some ms? 
3 R=300N 2 12.5ms 
fe 3 14.2ms* upwards (3 s.f.) 
10 10ms* ee ee). 
11 a 175N (35.0) b 0.854ms* (3 s.f) a. amie dawmwarda (2/ei0) 
12 a 0.868ms~ (3 s.£) b 13.2ms7 (3 s.f ® S62ms Gist) : 
13 a 18000W (or 18kW) sb 6.80ms"! b_ Resultant force down plane = 7 + gsina ~ wR = ma 
14 192W so if increases acceleration would decrease. 
15 a gale b 0.342ms? Challenge 7 
e v2. 
17 a 6.11ms"(3s.f) b 0.342ms?(3s.f) a Resolving vertically: 3g — 2Te0s45 =» gives r= 
Mixed exercise 2 by aeislag 
1 20.2N(3s.f) 
2 a 2940) b 98Js" (or 98W) Exercise 3¢ 
3 2 203 h 0.163 1 1075(3sf) 2 O15 3 1.125J 
4 a 448ms?(s.f) b 151m(3s.£) 4 a 0571J 3s.) b 114J(3s£) ¢ 3438sf£) 
5 a 0.708ms?(3sf) b 0.521ms? (sf) gga se) 
6 a 114kW(3 sf) b 21.3(3s.£) mga at Uitasa 
9mgs 14gs 7 a T=mgHin bp ey 
7a 3 b a 4 64 
8 & 295mst( s.£) b 61.25 (3 s.£) Exercise 3D 
10 326000005 (or 32600k) (3s) 1 V=3Val 
11a 16.2) b 16. ¢ 4.05N 2 34.9 
12 a 2503 b 0.638 (3 s.f.) 4” 
13 a 480N b 25.4ms*(3s.£) 3 a Modulus is mgV/3 
14 0.15ms" b Take into account the mass of the spring. 
15 a 7.42N(3s.f) b 435/(3s.£) 4 a V=2ms' b 0.80m(2s.£) 
¢ 14.0ms* (3 s.f) Bag 
16 a 33.3ms'(3s.f) 5 
b 0.222ms* (3 s.f.) 
17 a 12kW b 24kW ¢ 108s.) 6 a 160N (2.6) b 2.9ms* (25.0) 
18 a 9.8ms*(3s.) b 31.3ms" (3 s.£) 7 a Fals4m = b_ 6.6ms*(2s.f) 
19 a 4.9-kms* b 0.98 8 0.11 (2s) 
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Challenge 
When extension is 4 ERE.= 


20° 
When extension is doubled, E.P.E. = ae 


Work done is difference = 20! 


Mixed exercise 3 
1 a Ifcos@=+4 then sing = 3 


5 
Resolving vertically: 27 cos0 = mg, tines Ts E* 


Using trigonometry: sind 


151 
Substituting into T= 4 = aa gives = a, 
so cosd = 4 
11mga 
bs 12 
2 3a 
3 a 1=30N b v=2.19ms" (3 s.f) 
= — daa 
(54 + 3mg) 
[13g 13a 
5 8 Vat do 50 
2gl 
a pat b v= (= ce # 
7 a extension of AP (x,) = 0.2cos@- 0.15; 
extension of BP (x,) = 0.2 sin 0 0.05; 
in jg O-20080-0.15 _ 4cosd-3 
~ rallols sind 0.05 ~ 4sind— I 
SRS T, _ cos@ 
b T= Sgcose 7, = Sgsind- 5 = S55 
dats 0.15 _ X_ 3sind 
0.05" 4x, sind ~ cose 
‘ 4cos@- 3 _ 3sind 
Us s to part a, <=" 
sing answer to part a, 7+ 
Rearrange to arrive at required solution. 
8 a d=tan'(l) b 21m(2s.f) ¢ 93N(2s.f) 
9 a When AP is vertical, x = 4a 
K.E. gain + E.P-E. gain = P.E. loss 
Ligy? 4 Ee 
= pvt SE = mgsa 
= 0=2yga 
b T=mg 
Challenge 


a Ifx is maximum distance, using conservation of energy 
ing = (x- 
Expanding and rearranging to form a quadratic in x 
Ax? — x(2li + 2mgl) + 2A =0 
Use quadratic formula to arrive at required solution. 

b i Fora greater maximum descent the model could 
include an initial velocity i.e. the person could jump 
rather than fall. 

ii For a smaller maximum descent air resistance 
could be incorporated in to the model. 


Review exercise 1 
1 63Ns 
2 a 16m 
b Air resistance would result in a greater 
deceleration. 
2.25 ms", direction unchanged 
1.5Ns 


oe 


Answers 


a 24ms* 

© 3000kg 

a A:2.2ms*; B: 3ms* 

b mu=1.5Ns,mv=1.1Ns 
mu —mv =0,4Ns 


b Direction reversed 


c¢ 16Ns 

3ms" 

a 3.6kg b 18Ns 

a v=10i+20jms? b 63.4° (3 8.) 

© 403 

a 75N b v=391-42jms* 

a 5.83Ns(3s.f) b 31° 

e 35) 

a v=(20+2i+(0-4) b 13ms4 

a 610N(3s.f) b 458kJ (3 s.f) 

¢ 801KI(3s.f) 

Work done = mgh = 19600 = 1000 x 9.8 x 25 sin 
inp = 19.600 2 

> sind = 7900%9.8%25 257 oO aresin (5) 

a 15685 b It will be less than 1568 J. 

a 175) b 196kI 

a 84ms"(3s.f) b p=0.42 (25.0) 

a 41) (2s.) b y= 0.67 (25.0) 

a 22.4) b 64ms"(2s.f) 

¢ 4.3ms" (2s) 

a Zingh b gh 

a 50=F x 25 + F = 2000 


For the car and trailer combined: 

R(—): F-750-R=0 

R=F—750 = 2000 — 750 = 1250 

1.4ms* ce 850N d 335 kJ 

The resistance could be modelled as varying with 
speed. 

a 08 b 248 

Resistance usually varies with speed. 

a Energy lost = 7832 J; Work done = 10000J 

b 


os 


Total work done = 2168 J = 2200J (2 s.f.) 
200W 


220 
a 0.7ms* b 44.4kW 
a 35ms" b 15ms*(2s.f.) 


a Let FN be the magnitude of the driving force 
produced by the engine of the car. 
12kW =F x 15 > F= 800 


= 600 
b 20(2s.f) 
a 14.3kW(3s.f) b 6.6kW (2 s.f.) 
a 0.15ms? b 35.1ms"(3 s.f) 
a KE. Belicdl= PE. lost 
‘yo~ = nh 
$x 24.5?-H gt? = 9.8% 15 
i= 24. 5?-2x9.8 x 15 = 306.25 
u= 306.25 = 17.5 (3 s.f.) 
b 55° (nearest degree) © 60m 
a 52(2s.f) b 3s 
e¢ 48m d 24ms" (2s.f) 
a 105m b 7.5N 
AB = 2.55m, BC = 1.45m 
A=42 


a The line of action of the weight must pass through 
C which is not above the centre of the rod. 

b Let the tension in AC be T, newtons and the tension 
in BC be T; newtons. 
R¢}): T, cosa = T, Sina = T, = 47» 
Ri—): T, sina + T, cosa = 2mg 
47% 347, x4 = 2mg > Tz =Smg 

c k=8 
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35 a=11ms"' (2s.f) 
=15 
36 = i3mg 
37 a AC=4m 
b The instantaneous acceleration of B at C is 
29.4ms" directed towards A. 


tt) 53 ms 2.89ms" (38.0) 


b 779 N(@3s.f) 
39 a AP =(1.5))? + (21)? = 6.357 = AP = 2.51 
Let a be the angle between AP and the vertical 
4 


The extension of half of the string, AP, is 
2.51- 1,5 = 
4x extension al _ 2a 
“naturallength 1.5/7 3 
Rit): 27 cosa = mg 
2arxt=mg>T= Smg 
Eliminating T between (1) and (2) 
a Smg _ 15mg 
8 2 16 
b Let the perpendicular distance from the original 
position of P to AB be h. 
A? = (3.91)? - (1.51? = 12.967 = h = 3.61 
Let the speed of P as it reaches AB be ems 
K.E. gained + P-E. gained = E.PE lost 


(2) 


1 
(229 Oe (3.91- 1.518 
i a 
gmv® + mg x 3.61 = 2 @xisl 
Limo" +3. bmg = PU x (2.40? = 3.6mgl 


Hence dmv? = 0 = m0 
P comes to instantaneous rest on the line AB. 
40. By work-energy principle: 


E.P.E. = Work done = ie 


From Hooke’s law: 

Ta eng x= 
ame ge wl 
2a Ba 

41 2.853 (3s.£) 


ERE. = 


42 a 14(2s.f) b 0.78m (2 s.f.) ce 6.1) (2s) 
43 a 0.2mga® b 1=06 
44 ja 
12 Ax? »_75x0.5? ,_ VI5 
45 5mv* = a ea? S24 => v= 2 
46 a 5.5ms"'(2s.f) b 3.8ms"! (2s.f) 
47 a 6m b 14ms" (2s.f) 
48 a 18ms'(2s.f) 
b Let AP = y mand the angle AP makes with the 
vertical be a. 
4 0.75 0.75 
alia “o pre sina 


R(f): 27 cosa = 2g > T= —_ = 


Hooke's ws 


= 49(4 asian) 


sina 


tana =5 - 5sina => tana + 5sina =5 


Challenge 
1 a Over large changes in distance from a large mass g 
is not constant. The actual value of work done will 


be less. 

420000 
k done = (3.99 x 10" 

b Work done (3 99 x *Gaaee io) 


“ 14 420000 
(3.99 x 10" x 6380 x 10° + 405 x 10° 
= 1567 857 828 000J 

=1.57x10"J 


2 a Work done = [ras 


= ps, 
[74s 


b Work done = E.P-E. gain of string 
-Aye_a@ 
=O #8 


=Filb+anb-a) 


1/Ab , da 
=4(+ sa) a) 
=H, +T,\b—a) 


= mean of tensions x distance moved 
3 1.24m(3s.£) 


CHAPTER 4 
Prior knowledge 4 


1 a 1.25ms" direction reversed. 
b 0.9Ns 

2 25mst 

3 31.9m(3s.f) 


Exercise 4A 
1 az 
2 


a 
b 
c 
d 
e 


a bil 

5ms? aaa 3ms" both in the direction that B was 
moving before the impact. 

18Ns 


5 F direction reversed, 5 


ne 


6 30 - 40,36 +20) 
7 Using conservation of linear momentum gives 
2mu — 3mu =—mv, + mv, => -0,+0,=-u (1) 
vp +0, 
2) 
Sar (2) 


Newton's law of restitution gives e = 
Eliminating v, from (1) and (2) gives 
v2 = hul5e - 1) 

Since vyis in the positive direction vy > 0, so 
4ulSe- 1) >0, and e > + 
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b Newton's law of restitution gives 
eu= fu ~u(1 94), 50 ¢= fl8k -7) 
SinceO=e=1, 
1 z a 
O<1ak-7)<1si<k<2 

9 a u(5- 3k) 

b_ Newton's law of restitution gives 
eu = ku - ul5 — 3k), soe =4k-5 
Since 0 <e <1,0<4k-5=<1 
shsk<} 

10 a Using conservation of linear momentum gives 
4mu + 6mu = mv, + 3mv, > v, + 3v.=10u (1) 
Newton's law of restitution gives 
Pease (2) 
Eliminating p, from (1) and (2) gives 


Dy = 36 +e) 
b 56 ~ 3e) 
© After the collision P has speed 38 + 3e) which is 


always positive, therefore P continues to move in 
the same direction. 


d e=} 


Challenge 

Using conservation of linear momentum gives 
6m — mu = 3mv + 2mv = 6-u=5v 

so v= 16 ~u) a) 

Newton's law of restitution gives 

to" g0 v=l2+u) (2) 


Eliminating v from (1) and (2) gives u = a 


4 24u 


Exercise 4B 

1a; bs 

2 a 3.5ms* b 3mst 

3 a 8ms" b 8mst 

4 e=0.75 

5 0.77 (2s.f) 

G a 0.1875 b Particle would rebound higher. 
74 8 2.945 9 (gh —3g)m 
Challenge 

Use v? = u? + 2as with w= Oms"!, a= gms and s=hm 
v= \2gh 

Newton's law of restitution gives 

speed of separation from floor = e/2ghms* 


Use v? = u? + 2as with u = e/2ghms", a =-gms* and 
v=Oms"! = s = he* 


Exercise 4C 
1 a 6ms* b 15) 


2 Anas speed 4 with direction of travel reversed and B 
has speed 7 towards A, 


Loss of K.E. is ae 


3 60d 

4 0.225) 

5 a 2ms! b 12060J (12.06) 

6 a ims b 16063) 

7 a N=3 b 3 

8 a 0.3ms" bt © 3600 


Answers 


9 v-uwando+hu 
10 a Conservation of linear momentum: 
8+3=2u+3v 


311 =2u+ 3p = t= 30 


=u 


2 


Kinetic energy: 
16+ 1.5-3 =u" + 1.50" 
Substitute for u: 


2 
& be) +1.502=14.5 


2_ 33 121 
= 3.750" ~ y+ AB = 14.5 
= 5v?~ 220 + 21=0 
b A moves with speed 1ms“ and B moves with speed 
3ms“ in the same direction as before the impact. 
A cannot travel faster than B as it cannot pass 


through it. 
11a 2ms? b 353 
12 Common speed before string becomes taut = 77" 
Kinetic energy before collision = $mue 
inetic collision = 4 mu_\* 
Kinetic energy alter collision = 30m + M)( 5 
_ mut 
~ 2(m+M) 
ills ate __ mrt mMu? 
Loss of kinetic energy = 3mu® — a = sn 
13 a 7.5ms* b 3755 
14 a 0.32s,2.5ms!  b 0.3755 
Challenge 
2.5) 
Exercise 4D 


3 a fu(l-e), full + el —e) and jul +e)? 
b Avwill catch up with B provided that 2 > 1 +e. 
Since e < 1 this condition holds and A will catch up 
with B, resulting in a further collision. 


4 a u(l+3e)>3use>% 
b The direction of A is reversed by the collision. 
5 5M ang TH 
5 a l7u 43u 
6 a -3uand5u b = an 
7 ai 19.6cm ii 9.604cm 
b Aseries of bounces with a constant ratio of heights. 
e 1.17m(3s.f) 
d Model predicts an infinite number of bounces, this 
is unrealistic, Ht +e) 
+e 
8 ; b eH ao 
2 ae 
Challenge 


After the particles collide: o(P) = 0.25 ms*, o(Q) = 1.25ms* 
(= time in seconds after the particles collide. 

Q collides with W, after travelling 2m, i.e. after ¢ = 1.68. 
Pwill take ¢ = 8s to reach W,. 

After Q collides with W;, velocity = 0.64ms~. 

For particle P, distance from W, at time ¢ = 2 + 0.25¢ 

For particle Q, distance from W, at time ¢ = 0.64(¢ — 1 
Pand Q will collide when 2 + 0.25¢ = 0.64(t - 1.6) > 
‘Time to collide > time for P to reach W,. 

P will hit W, before colliding with Q for a second time. 


6) 
8.45 
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Hbse exercise 4 
Using conservation of linear momentum gives 


= mu; = 
v(t) 


Newton’ 's law of restitution gives 


so Uy + Uy = 30 (2) 


Sole (ij and (2) gives 


u, = 20 
So the ratio of speeds is 2:1 
4 


3a 
b 


c 


and us=0 
=m 
veo 


2 
Kinetic energy = a + Mv 


mim + Mv? 


Substitute for V: MA 4 Mee 


The assumption that the boat is initially at rest is 
unlikely. 


4 25ms", 42.53 


5a 


Using conservation of linear momentum gives 
3mu = 3mv, + mv, 

3v, + v, = 3u (1) 

Newton's law of restitution gives 

By v, = eu (2) 

Eliminating v, from (1) and (2) gives 


=13-e) 


v= Ste 1) 


Kinetic energy before collision 
Kinetic energy after collision 
= Sg 
32 


2 
= ot + me +1 


Loss of kinetic energy 


act — (Ag — oe + Same (e+ 1?) 


murta(s -e? + 9(e + 1) 


3 mut = 
5m 


a 


MH I310 — Ge + e41+ He" + 20 + U) 


Jin’ ~ MC 2e* + 36) 


2 


ie e2 + 3) 
= a? - le +3) 
2 mu® — mu? e* + 2mu* 
a 3 
mu? — =m? e? 
Amul - e7) 
3mull + ans 


4 
6ms"' and 1 ms* in the direction of the 100g mass 
prior to the impact. 
Loss of K.E. = 2.45 J 


7 3safter the 10kg sphere has stopped moving. 
8 First collision: A with B 
4mV = 4mv, + 3mv, 


tov,= Meo, 


4V=40, +r, 30, 


y= {Vive =¥ 
v2 > v, 80 second collision is B with C 
3mV = 3mv,+ 3mv, 
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10 


1 


12 


13 


14 


ov 
BV= 60547 


vy =1V.04=1V 
v4 >, but v, > vy so third collision is A with B 
mV + 3mV=4mv, + 3mv, 


04-05 
_ z =f 0,=3V+0, 
Ty-iv : 

Nye 9 

My =40,+3V+30, 


DV=70;5+ HV 
v= 8V.0=1V 
As $V <4v<£vV there are no further collisions. 

a 90725 b Either heat or sound. 
a 
b 


Lic is 
74 3e) and zal +e) 


Impulse = change in momentum 


a Using conservation of linear moments gives 
mkV+AmV=imv so v=) 
Newton's law of restitution gives 

=? _ (2) 
Vk-1) 
Eliminating V from (1) and (2) gives 
_ atk 
Ak -1) 
A+k 

» Ak 1) 
atk <ak-1) 
atk <dk-2 
24 - ak <-k 
dk-24>k 
Ak-2\)>k 
a> Band since 1>0,k-2>0,k>2 

a Both balls change directions, the first moves up 
with speed 0.7 ms~' and the second moves down 
with speed 3.5ms". 

b 91% (2 s.f.) 

a 0.5m 

b as or 0.645 (2 s.f) 


v 


© $ygms* or 0,78ms" (2 s.f) 


To find time taken for ball to make first contact with 
floor use 

s=ul+3al? with u=Oms", 
2h 


=hmanda=gms? 


‘To find speed of ball on first contact with floor use 
v? =u? + 2as with uw =Oms", s = hm and a=gms? 
v= 2gh 

Newton's law of restitution gives 

speed of separation from floor = e/2gh 

To find time between first contact and maximum 
height reached v = u + at with w= e/2ghms", 
v=Oms" and a=-gms~ 
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So the time between the first and second bounce is 
2h 


g 
By similar reasoning the time between the second and 
third bounce is 2e*) “and the time between the third 


and fourth bounce is 20/2 


So the total time until the ball comes to a standstill is 
given by 


ie 22h + e+et+..) 


2h , , |2h 
ree raver 


17 a Use v? = u? + 2as with u = Oms", a =gms* and 
s=Hm 
v= /2gH 
Newton's law of restitution gives 
speed of separation from floor = e/2gHms~* 
Use v? = u? + 2as with u = e/2gHms*, a =-gms* 
andv=Oms"'ands=hm 


2Qgh = 2e%gH 
=i 
i 7] 
eis 


¢ Infinite bounces with a constant ratio of heights. 
18 a Bhas speed 4)2gms* in the direction it was 
originally moving. 
Chas speed 7/2gms" in the direction B was 
originally moving. 
» 8; 
¢ The amount of kinetic energy lost would increase. 
19 6:19 


Challenge 
Using conservation of momentum, with common final 
velocity v: 
mgtt = (my + my + mv 
a 
(m,+m,+m,) 
Kinetic energy when all three strings are taut 
mu \ _ miu 


1 
Bay hy ee) 
rt Ha mn) my + M2+ M3} ~ 2m, + my + ms) 


CHAPTER 5 


Prior knowledge 5 
1 0.75 
2 a Ims' 

b 4.5J lost 


Answers 


Exercise 5A 
1 a pa niid 
b Angle of deflection = 50.9° (3 s.f) 
e=} 
_3VI7u 
ven ag 
y29 
* 8 
5 V19mst 
6 5.08ms" (3 s.f.) 
7 a 5.59ms* b 5.625Ns 
8 e=0.36 
9 a v=-2.51-3j b 7.5) 
c Angle of deflection = 98.8° (3 s.f.) 
10 a y13ms" b 163 
a Si+¥ b 8.89% (3 s.f.) 
ce 24.8°(3s.f.) 
12 6.09ms" (3 at 21.8° (3 s.f.) to the cushion 


13 a Parallel to cushion vcosf = ucosa 
Perpendicular to cushion vcosp = eucosa 
Dividing yields: tan p = etana 

Angle is independent of u 

0.70 (2 s.f) 


e 3d 


17 a By principle of conservation of momentum 
mvcos(90° ~ a) = 3mv cosa 
sina = 3 cosa 
tana =3 
ba 
18 48.2°(3s.f) 


Challenge 

Let f be the angle between W, and the ball after the impact. 
Parallel to the plane vcosf = ucosa 

Perpendicular to plane vsinf = ewsina 

Dividing yields: tanf = etana 

Distance between join of walls and Q is 1 x tanf = etana 
From Pythagoras distance PQ = \e?tan*a + 1 


Fxetsise 5B 
a 1.80ms" (3 s.f.), 16.1° (3 s.f.) to the wall 
b Ims", 60° to the wall 
2 a 0.815 ms'(3s.f.) b 0.434 (3 s.f) 
¢ 0.434ms* (3 s.f.), 50° to the second wall 
3 a 19.7°(3s.f.) to the wall 
b 0.621 (3 s.f.) 
e 0.00121) (3 s.f) 
4 a 2.46ms" (3 s.f.), 52.4° (3 s.f.) to the wall 
b 4.613(3s. oD 
5 a 
s 3 
7 a 4.77ms" (3 s.f.) at an angle of 24.8° (3 s.f.) to the 
first wall. 
b 3.94ms" (3 s.f.) at an angle of 65.3° (3 s.f.) to the 
second wall, 


c The velocity of the sphere would be greater and the 
angle with the wall would be greater. 
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8 


a mJ 
b 180°, direction of motion reversed 


9 a 2,06ms" (3s.f.) at an angle of 31,0° (3 s.f.) to the wall 


b 0.180J (3 s.f) 


10 77.2) (3 s.f.) 


Challenge 


i 3.98m ii 0.36m 


b Distance from wall would be greater, height of bounce 


would be greater. 


Exercise 5C 


1 


5 


6 
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A: 1.04ms"' (3 s.f.) perpendicular to the line of centres 

B: 2.95ms" (3 s.f.) parallel to the line of centres 

4y39, 
9 


—Z— ms"! at 46.1° (3 s.f) to the line of centres 


1688 16/3 15-1 along the line of centres 


Brie: at 81.9° (3 sf) to the line of centres 


Be [2 ——~ ms" along the line of centres 


Components perpendicular to the line of centres are 
unchanged. For A, the component perpendicular to the 
line of centres is using. 
Parallel to the line of centres: 
conservation of momentum + mvcosé@ = 2mv, 
law of restitution > v, + v, = evcos@ 
= vcos@ = 2(evcosé — v.) ~ v, = 2evcosd - 3v, 
_ Peosa(ze — 1) 
e 3 


= tan(90° - @) = 1 = vsind - 


— mv, 


3vsind 


1__ 3tand 
“tan@ = 2e-1 


ule ? ms” at 50.2° (3 s.f.) to the line of centres 


Zvms' along the line of centres 
a 


Perpendicular to the line of centres, component of 

velocity of A is usina. Parallel to the line of centres: 

conservation of momentum: mucosa = mv + mv, 
ucosa=v+w 


@ 
8 


law of restitution: w - v = eucosa, 
so 2v = ucosa— eucosa = ucosa(1 — e) 
tang=USina ___2usina __ 2tana 
hei Qo ucosa(1-e) 1-e 
b The path of A has been deflected through an angle 
equal to f - a. 


2tana 


~tana 
Benge eae 2tana 
1+ tanaS ne 
T-e 
_ 2tana ~ (1 ~e)tana 
~ 1=e+ 2tan’a 


#-a= arctan (zoe) 


2tan’a + 1-e. 

a 2.53 (3 s.f) b 3.06Ns (3 s.f.) 
a 3ms,25ms? b i 
4i+jms*, 2ims* 

3.23ms", 3.25ms" (3 s.f) 
1.92] (3 s.£) 


a (Gis Lms" 


b 
a /5ms* b 
a 0 b 
1ms*, /13mst 


s 


usin 45° u 


Parallel to the line of centres, using conservation of 
momentum and the law of res 
mucos 45° = mv + mw and w — 
By subtracting 

2v = ucos45°(1 — e) 

_ uy2(1 -e) 
_ 4 
usin45? _ 

é 20 - 2) 

4 


= eucos45° 


= lana= 


tana — tan45° 


@=a-45° = tand= = 
1+ tanatan45° 


a2-1ee 1 
1-e+2 3 


usina 


o % 


‘Tangent perpendicular to radius + sina =} 
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Initial components of velocity of A are wcosa parallel to the 
line of centres, and usina perpendicular to the line of centres. 
momentum => mucosa = mv + mw 
ucosa=0+w 
impact + w - v = eucosa 
Subtracting gives 
2v = ucosa—eucosa 


=a) iB A, 
mena 3)_"* 2°32 _ wi 
2 2 8 
usina (3) 
= tan(@ + a) =" = ——— 
ea) 
8 
tang = 120 +a) tana _ 


1 +tan(@+a)jana 1 


a 
5 
2 a 2.33mst b 3Ns 
3 a hi+dj b 3.375J © 128°(3s.f) 
45 
5 a 1,80ms" (3 s.f.) at an angle of 16,1° (3 s.f.) to the 
first wall. 

b 1ms™ parallel to the original path but in the 
opposite direction. 

c The resistance to motion will reduce the final speed 
of the sphere but the angle of motion will remain 
the same. 

6 a 0721 


b 18.0ms" parallel to the original path but in the 
opposite direction. 
7 a 0.386J (3 s.f) 
b 1.28ms" (3 s.f.) at an angle of 55.6° (3 s.f.) to the 
second wall. 
Roa -i+3j 


v2 
b au -j 


‘Tangent perpendicular to radius = sina =} 

Inititial components of velocity of A are ucosa parallel 

to the line of centres, and usina perpendicular to the 

line of centres. 

Momentum = mucos: 

ucos) 

Impact > w — 

where v is the velocity of a along the line of centres 

and w the velocity of B along the line of centres 

immediately after the collision. 

Subtracting gives 2v = ucosa-eucosa, 


Answers 


re weosa{ 1 
2 

@) 
(te) * 


_ tan(9+@)—tana _ v 
T+tan@+ajtana 1,93, 1 


= tan(o +a) = “sina _ 


10 


usina v w 


Parallel to the line of centres, using conservation of 
momentum and the impact law gives 
mucosa = mv + mw and w—v=eucosa 
By subtracting 
2v = ucosa x (1 -e) 


du(l =e) _ 2u( 


tan(0 +a) —tana _ 


tan? Ty tan(@-+a)tana 4, i 
21-e) 4 
_12-60-¢) 
= 30-0) +9 
_ 6 +66 
~ 17-8e 
11 5ms",1.5ms*? 
12 
sti+p 
r(2i+4j) 
u(-2i+ 8p) 


Conservation of momentum: 
(-i + j) + r(2i + 4j) 
$+ 2rand 8u=s+4r 
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Answers 


Adding = 6u = 6r,r=u,s=4u 
Line of centres is parallel to -i + j (as this is the 
direction of the impulse on the red ball). 

In the direction of the line of centres 


component of (-21 + 8)) is a 


= 5/2 component of (21 + 4j) is 22 ae (3 


_ 10/2 

a 
component of (-i +) is V2 
so using law of restitution: 


4uv2 - w/2 = e x 5u/2 = 3V2 = 5V2e 


~e=} 
Bu 3/29 
13 2° 10% 


Directions relative to the line of centres are 


1 
ane arctan $} 
Challenge 
a Collision 35.54° 


5° +a = 80.54" 
an b = 0.5 tan(80.54°) = 3 + b =71.56° 
ange of { approach = 180° — 45° —71.56° 


Collision 


Collision 


: ate 20.5 tan(63.43") = 1 .¢= 45° 


Angle of deflection parallel to wall, so no fourth collision. 


b 94.6% of K.E. lost (3 s.f) 


Review exercise 2 

1 e=3 

2 a Using conservation of momentum: 
mu + kmiu = kmo 


u(1 + ka) = ke a) 
Newton's law of restitution: 
v= e(u ~ Au) = eu(1 ~ a) (2) 


Eliminate v from (1) and (2) 
u(1 + ki’) = keu(1 ~ 2) 

_ +k 

~ k=) 


e<1 
Sl+k=k-kh 


1 
Ta =" 


butO<i<}+0<1-2i<landk>1 


3 a Using conservation of momentum: 
1s + 2mvy 


Newton’ 's law of reson 
eu =v, - (2) 
Eliminating v, from (1) and (2): 
ut eu= 30, 
vr=qull +e) 
b i Speed of S is tule -1) 
ii Direction of motion reversed. 
4 a Using conservation of momentum: 
3m x 2u — 2mu = 3mup + 2mug 


*, 4u = 3up + 2. wm 
Newton's 's ay of restitution: 
e(2u + U) = Ug ~ Up 
3eu = Uy — a (2) 


Eliminate up from (1) and (2) 
4u = Buy - 3eu) + 2, 


arctan }and eet 3 = arctan, so the 


9 
10 


14 


b Ifthe plane was rough and the conditions described 
above are otherwise identical, then the coefficient of 
restitution must be greater. If it were the same 
then the speed of the particle at each point on the 
return journey would be <2 of the minimum speed 
of the particle on the outward journey. 

70 
10 
Time ¢, until first bounce 


Time f, to reach maximum height after first bounce 
5y14 


2 = 
2 t? > te= 


Total time from first to second bounce 
T=t+2ly 
=108, 


a Ahas speed 4 
Bhas speed 3 
b Smu?t 
a e=} b 2mu?J 
a_ Using conservation of momentum: 
mu = mv, + 3mv,_, 
U= 0, + 30, ie3) 
Newton's law of restitution: 
(2) 
Eliminating », from (1) and (2) gives u + eu = 40» 


41 ~ 3e)=4(1-3x4)=0 
2 Ais at rest 
41.5kJ 


For spheres B and C: 
Conservation of momentum: 
4mu = 2mv, + 5mve 
Newton's law of restitution: 
=U, 
2u 
=6 
be - U_p= Su 


0¢= Up + bu 
Substitute v, in the conservation of momentum 


equation: 
Au = 2v, + OU + 5Vp 


= 1=3 
by < Up < Ue «. there are no further collisions. 
a Using conservation of momentum: 
2mu = 2mv, + MVy 


2u = 2vp + Vg qa) 
Newton's law of restitution: 
fu = v9 Up (2) 
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15 


16 


17 


18 


(+2 « (2): Ste og 204 


30g = St 
Using (2) 
p= Vg - ZU 
p= Bt 
=54 
Up Jo 
b e=3 


¢ Qis now moving towards the wall; after it rebounds 
off the wall it will return to collide with P once more, 
a Using conservation of momentum: 
2m x 5u = 2mv, + 3mvy 


10u = 2v, + 3¥g 168) 
Newton’s law of restitution: 

x BU = U9 Up (2) 
()+2x (2) 


10u + 10eu = 30, + 2v, 
10u + 10eu = Sv, 
Up = 2u + 2eu = 2(1 + eu 
b From (2) 
Up = Up ~ Seu = 2(1 + eu ~ Seu 
Up = 2x 1.4u—5 x 0.4u =0.8u 
Up > 0. P moves towards wall and will collide with 
Q after Q rebounds from the wall. 
e¢ e=08 
Up = 2x 18u-5 x 0.8u = -0.4u 
Q hits the wall 
Up = 3.6uf 
For a second collision 
3.6uf > 0.4u 
f>s=t 
Range of values for fis 
$<f<l 
a_ Using conservation of momentum: 
2m x 2u + 3m x u=2mv, + 3mv, 
Tu = 2v, + 305 a) 
Newton's law of restitution: 
e(2u — U) = Uy - Us 


CU = Vy Vs (2) 
(1) +2» (2) 
Tu + 2eu = 30, + 20, 
v_=4Uul7 + 2e) 
b v,=1ul7 -3e) 
1 liu 
c g M7 ~ 3@) =~ 
14u - 6eu = 11u = eu = 3u 
1 
e=5 
2 
a 3d 
16 
e After B hits the barrier 
y= tl ,, Su _ lu 
= 166 AD: 


Equal speeds, opposite directions. 

-. A and B will collide at midpoint of the distance 

from A to the barrier at the instant B hits the barrier, 

ie 

Le. they collide at distance 54 from the barrier. 

a 2m 32 
9 

b This model predicts an infinite number of bounces 
which is not realistic. 

First collision: A with B 

Using conservation of momentum: 

Am = 2mv, + mv, 


19 
20 
21 


Answers 


4= 20,4 0, aM 
Newton's law of restitution: 

4x 0.7 =2.8=0,- 0% (2) 
()) + (2) 

6.8 = 3v, 


Second collision: B with C 


B= 2yy+ 306 (3) 
Hx04=B=0¢-vs «@ 
(3) + 2 x (4) 


04 <v'y < Uc. there are no further collisions, 


Kinetic energy = 5m we? sin? a + cos? a) 
2 1 
as bs 
a 60° 
b tan #=etana 
_ tang _ tan30° 
~°* tana ~ tan60° 
v3 
iam | 
>e=tel 
v3 3 
0.657 (3 s.f.) 
a 4,10 Ns in the direction parallel to the unit vector 
1 
—(-i - 3)) 
v10 4 
b 2J 
a e=3 b 1lms* 
a. Angle of of 8.1° (2 s.f,) to first wall 
b e=t e 1.3x103J 
041d 


Moving away from the first wall at an angle of 24.8° 
b e=0.81 
26.25 
a Perpendicular to the line of centres CB: 
In this direction the component of the velocity of P 
is unchanged and is 
Busine =Huxg=fu 
Parallel to the line of centres CB: 
Conservation of linear momentum: 
mxt4ucosa = -mx +2mx tu 
x=$u-Buxv=iu 
b e=4 
c Let the time after the collision for Q to reach C be ¢, 
distance = speed x time 


d= But, >t = 
Perpendicular to W, in time ¢,, P travels a distance s 
given by 


distance = speed x time 


5d, 
S=fuxh=fuxyt= 


3u 
The distance from P from Wis 


d,+s=d,+}d,=4d, 
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Answers 


32 
33 


d_ Before hitting W, Q has speed 4u. 
After hitting W, Q has speed e x 2 dus = $xi 3u =u 


In the ditection CB, the velocity of Q relative to P is 


Tol FU 76H 


The time, ¢,, for Q to travel from C to the point of 
the second collision is given by 


su 3a 
The time between the two collisions is 
bt ty a bite , 40d _ 15d, 
Toe Bu Bb. 
e 12:25 
(- i aid)ms 
e=t 


34 Let the mass of each sphere be m. 


35 


36 
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Let the speed of Q immediately before the collision be u 


and its speed immediately after the collision be v. 
Let the speed of P immediately after the collision be x 
Perpendicular to the line of centres: 
For Q 
usina =vsing 
Along the line of centres: 
Conservation of linear momentum: 
mu cosa = mv cos +mx 
x =uCOSa~v Coss 
Newton's law of restitution: 
x -vcosf = eucosa 
X= eucosa + v cosa 
Eliminating x between (2) and (3) 
u COSA ~ v COSB = eu COSa + v COSB 
- eu cosa = 20 cos3 
ing (1) by (4) 
usina ___vsing 
(1-eucosa 2p cosa 
tana _ tang 
l-e 2 
(1 -eltang = 2 tana 
a Perpendicular component of velocity of A 
immediately before the collision is 2ms-'. 
Parallel component of velocity of A immediately 
before the collision is 1.5 ms". 
Perpendicular component of velocity of B 
immediately before the collision is 1.2 ms". 
Parallel component of velocity of B immediately 
before the collision is 0.5ms"', 
b The speed of A is 2.1 ms" 
The speed of B is 1.9ms". 
a Let the mass of each sphere be m. 
Let the components of the velocity of T be 
x and Ucosa. 
Let the velocity of S be y. 
Perpendicular to the line of centres: 
The component of the velocity is unchanged, so 
the component of the velocity of 7 after the impact 
perpendicular to the line of centres is U cosa. 
Parallel to the line of centres: 
Conservation of linear momentum: 
mU sina = mx + my 


(a) 


(2) 


(3) 


(4) 


Di 


a+y=Usina (1) 
Newton's law of restitution: 
y-x=eUsina (2) 
(1) - (2): 
2x= gu Bin — eUsina = U(1 - e)sina 
x=}U(1 -e)sina 


b Let the components of the velocity of T after the 


impact, parallel and perpendicular to the wall, be X 
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and ¥ respectively. 


Ril): X = Ucosa sina - x cosa 
Ucosa sina -4 za elsina cosa 

Ucosa sina(1—4 —}+ $e] = Ucosa sina} +e) 
3 UU + elcosa sina 
Ri): Y= ‘Ucosa cosa +x sina 

=Ucos?a +4U(1 ~ elsina sina 

=Ul1 ~sinta) +401 -e)sinza 

=}U02 - 2sin?a + sin?a —esin?a) 


=$UQ2 -sin?a-esin?a) 
=3U2-(1 +elsin?a) 


ce Hd 
37 a A (3i+j)ms"! (2i-3j)ms~* 
b 4mNs © 37° 
38 a \2mu bd 
39 a Let the components of velocities parallel to the line 
of centres for A and B be x and y respectively. 
Parallel to the line of centres: 
Conservation of linear momentum: 
mu cos60° = mx + kmy 
x+ky=tu a) 
Newton's law of restitution: 
y-x=}ucos60° = tu (2) 
(0) + @hky + y = SE y = Be 
b From (2) in part a, 
yey b= _3u__ uw _ Bu-ulk +1) _ (2~ku 
Ug" akel 4° Mee) 4+ 
The direction of motion of A is given by 
sin6o® _ V3, 4k+ 
asm = ux 
x 2 (2-hu 
Given that tan@ = 2/3 
aq _ Mk + IWS 
2V3 = —_—_— 
32 = 8) 
k+1=2-k 
2k=1 > k= $ 
© mu 
Challenge 


At the time of collision with B, A is 


tr = 77m from Wy. 


After time 7, the balls collide: 
6uT; + 5uT; = 1 

Collision A with B: 
Conservation of momentum: 


6mu — Smu = mvp - mv, 

=Up-U, am 
Newton's law of restitution: 
Up + Uy = leu (2) 


VU, = Meu — v4 
Sou = leu — 2v, 


m= 


Mets. Bite ij 


Time from collision with B to W, 


T= 


6 

es | ei 

“Hate-1) Mullte-D 
L 121 

Nth Ta" Tlie-D 

_ Wie+11) _ e+) 

© Tlu(1e= 1) u(1e = 1) 


a i 2.25 seconds 
ii 3.52 seconds (3 s.f.) 


b 30100 seconds, 0.000 166 ms* (3 s.f.) 

¢ Inreality the surface would not be smooth and the 
coefficient of restitution would be 0 for sufficiently 
small values of v, so the ball would have stopped 
moving by this time. 

a 9m 

b Initial KE, 3m x 100J 


‘Taking component after rebound parallel and 
perpendicular to the plane, after first bounce 

velocity is y6? + 4? so K.E. is 4m x 52, . 
Percentage loss in K.E. at first bounce is je = 48% 


From part a, ball rebounds after first bounce with 
v= ms" and vy = 2ms* (downwards). 
After 1 second, when ball meets the plane a second 
time, the velocity is 

2 Sbegeng a aes 
oy =“2ms" and oy =2+10=2ms 


So K.E. before second bounce is 

4n(3& , 522) 

m( 25 * a) = 80m J) 

After second bounce: 

Velocity parallel to plane: 

v, = Bsind + cosd = 12ms" 

Velocity perpendicular to plane: 

v, = (sino - 2cosé) = 2ms* 

So K.E. after second bounce = 5m(12? + 2?) = 74mJ 


Percentage loss in K.E. at second bounce is 7, = 7.5% 
Angle of incidence with plane is much shallower on 


second bounce than on first bounce. 


Exam-style practice: AS level 


ai 169J 
ii R=14.1N(3s.£) 
b 8.51ms"'(3s.f) 


2 7.35ms" (3 s.f) 
3 a Ahas speed 0.8ms", 


B has speed 2.4 ms“. Both balls move in the direction 
A was originally travelling in. 

b 0.75kg 

a A=mv-muand v=eu 
A= meu — mu = mu(1 + e) 

b_ Let time to collision with W, be T;: 


ait 
Ta 
Let time to collision with W, be 7: 


L 
T,= oy 


Total time: 


Exam-style practice: A level 
1 ao 


2 


Answers 


Collision 1: A with B 

3m = 2mvy + mv, 

27 

3=5.4+3u, 

8ms" and v, = 1.9ms* 
ion 2: B with C 

3.8m = 3mv, + 2mv, 

Ue-Up= 1.71 

3.8 = 5.13 + 5vy 

0, = -0.266 ms" and v, = 1.444ms* 

Dy < Dy <0 

Therefore there are no further collisions. 


b 1.5ms" 
e 7.55 d 0.057 (2 s.f.) 
a 0.44ms* 
b Tractive force: 
T= 20000 + 20 = 1000N 
Total driving fore 
1000 + 14009 sin 6° = 2434N 


Non-gravitational resistances: 

120 + 2(202) = 920N 

Total driving forces larger than resistive forces, 
driver will have to brake (add another resistive 
force) to maintain speed. 


¢ 25.6ms" 
= 0.468 (3 s.f) 

sue b 63.4°(3 s.£) 
a 14m (2s.f.) b 2.85 (2s.f) 


ec 3.6ms*(2s.f) 
d listance above lowest point 
>». gained = E.P.E lost 


15x 0.72. p_ 
0.25 « 9.8 xh = EOD 5 h= 1.25 


The particle reaches a height of 1.25 m above the 
starting point. This is 0.65 m above the ceiling. 

a i P:2.1ms" in the direction it was originally moving 

Q: 2.7ms* in the direction P was originally moving 

ii 0.2 

b 2.33) (3s.f) 

c¢ Pand Qare moving in the same direction. P is 
moving at 2.1 ms~' and Q is moving at 0.54 ms“. 
So yes, they will collide again. 

a i 57.8°(3s.f) 
ii 0.916 (3 s.f) 

b Shas velocity 0.9795ums* at 85.5° to the line of 
centres and T has yelocity 0.4375u ms" along the 
line of centres. 
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Index 


angle of deflection 96-9 


coalescence 70. 
coefficient of restitution 70-1, 76-7 
collisions 
elastic see elastic collisions 
inelastic 70 
solving problems involving 4 
common tangent 108 
conservation of linear momentum 72 
conservation of mechanical energy 24-6, 
51-3 
conservation of momentum 4-7, 9-10, 
70, 109-12 
constant acceleration formula 20 


driving force 29-30 


elastic collisions 
direct collision with smooth 
plane 76-7 
direct impact 70-3 
loss of kinetic energy 79-82 
oblique impact with fixed 
surface 96-9 
oblique impacts of spheres 108-12 
in one dimension 69-94 
successive direct impacts 84-9 
successive oblique impacts with plane 
surfaces 102-5 
in two dimensions 95-119 
elastic energy 49-50 
problems involving 51-4 
elastic limit 39-43 
elastic potential energy (E.P.E.) 49, 
31, 53 
elastic springs 38-58 
compression 39, 49-50 
dynamics problems 46-7 
elastic limit 39-43 
equilibrium problems 39-44 


work done in stretching 49 
elastic strings 38-58 
compression 49-50 
dynamics problems 46 
elastic limit 39 
equilibrium problems 39, 41-4 
as light 39 
work done in stretching 49 
elasticity, modulus of 39 
energy 
elastic see elastic energy 
kinetic see kinetic energy 
mechanical see mechanical energy 
potential see potential energy 
work-energy principle 24-6, 51, 54 
equation of motion 20 
extension 39-44, 49 


force 

driving 29-30 

resistive 31 
force-distance diagrams 49 
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gas 

kinetic energy 28 

temperature 28 
gravitational potential energy 20, 51 
gravity, work done against 16-17 


Hooke’s law 
and dynamics problems 46-7 
and equilibrium problems 39-44 


impulse 1-14 
sphere-flat surface collisions 96 
two sphere collisions 108, 110-2 
units 2 
as vector quantity 2, 10 
impulse-momentum principle 2, 4, 
9-10 
inelastic collisions 70 


joules 16, 20, 49 


kinetic energy (K.E.) 20-2, 51 
of gas 28 
loss of 79-82 
sphere—flat surface collisions 98-9 
successive sphere-plane surface 
impacts 103-4 
two sphere collisions 110-1 
units 20 
work done as change in 20, 21 


line of centres 108-112 
linear momentum, conservation 72 


mechanical energy, conservation 
24-6, 51-3 
modulus of elasticity 39 
momentum 1-14 
conservation 4-7, 9-10, 70, 109-12 
impulse-momentum principle 2. 4, 
9-10 
in one dimension 1-2 
sphere-flat surface collisions 96 
units 2 
as vector quantity 2, 9-10 
motion, equation of 20 


Newton's law of restitution 
(Newton's experimental law) 70, 71, 
76, 96-8, 102-5, 109-11 
normal collision 76 


oblique impacts 
sphere-flat surface 96-9 
successive sphere-plane surface 
102-5 
two spheres 108-12 


plane 
direct collision with 76-7 
oblique impacts with 96-9 
successive direct impacts with 84, 
88-9 
successive oblique impacts with 
102-5 


potential energy (PE.) 20-2 
elastic (E.P-E.) 49, 51, 53 
gravitational 20, 51 
units 20 
zero level 21 
power 29-31 
units 29 
principles 
conservation of linear momentum 
72 
conservation of mechanical 
energy 24-6, 51-3 
conservation of momentum 4-7, 
9-10. 70, 109-12 
impulse-momentum 2, 4, 9-10 
work-energy 24-6, 51, 54 


reaction, normal 24 
resistive force 31 
restitution 
coeflicient of 70-1, 76-7 
Newton's law of 70,71, 76, 96-8, 
102-5, 109-11 


scalar product 99 
speed 
of approach 71-3, 76, 85, 87-8 
of rebound 76, 87-8 
of separation 71-3, 85 
spheres 
oblique impact with fixed surface 
96-9 
oblique impact of two 108-12 
successive oblique impacts with plane 
surfaces 102-5 
springs, elastic see elastic springs 
strings, elastic see elastic strings 


tangent, common 108 
temperature, of gas 28 
tension 39-44 

units 39 
thrust 39, 47 


velocity 
sphere—flat surface collisions 96-9 
successive sphere-plane surface 
impacts 102-5 
two sphere collisions 109-12 


work done 
against gravity 16-17 
bya force 16-18 
as change in kinetic energy 20, 21 
in stretching string or spring 49 
units 49 

work-energy principle 24-6, 51, 54 


